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Simulations of chemical dynamics are a powerful means for understanding chemistry. However,
classical computers struggle to simulate many chemical processes, especially non-adiabatic ones,
where the Born-Oppenheimer approximation breaks down. Quantum computers could simulate
quantum-chemical dynamics more efficiently than classical computers, but there is currently no
complete quantum algorithm for calculating dynamical observables to within a known error. Here,
we develop an efficient, end-to-end quantum algorithm for simulating chemical dynamics that avoids
all uncontrolled approximations (including the Born-Oppenheimer approximation) and whose error
is bounded subject to mild assumptions. To do so, we treat the nuclei and the electrons on an equal
footing and simulate the full molecular wavefunction on a momentum-space grid in first quantization,
including all algorithmic steps: initial-state preparation, time evolution using qubitization, and
measurement of chemical observables such as reaction yields and rates. Our work gives the first
algorithm for quantum simulation of chemistry whose end-to-end complexity achieves sublinear
scaling in the size of the grid. We achieve this by developing an exponentially faster method for
initial-state-preparation. Photochemistry is a likely early application of our algorithm and we
estimate resources required for end-to-end simulations of non-adiabatic dynamics of atmospherically
important molecules. Classically intractable photochemical computations could be performed using
resources comparable to those required for other chemical applications of quantum computing.

Chemical reactions are inherently dynamical processes,
but accurate simulation of the quantum-mechanical mo-
tion of both nuclei and electrons is among the most
challenging problems in computational chemistry. Non-
relativistic chemistry is governed by the molecular Hamil-
tonian, which describes electrons and nuclei interacting
via the Coulomb potential. We refer to the combined
electron-nuclear quantum dynamics under this Hamil-
tonian as full dynamics. Full dynamics reproduces all
chemical phenomena, but simulating it on classical com-
puters, by propagating the time-dependent Schrödinger
equation, is possible only for the smallest molecules [1].

Classical algorithms can simulate dynamics in many
difficult chemical systems, but retain exponential worst-
case scaling with molecule size. Methods such as multi-
configurational time-dependent Hartree (MCTDH) [2, 3]
significantly reduce the simulation cost compared to
full dynamics using basis-set contractions optimized for
each system [4–6]. Nevertheless, like all fully quantum
treatments of chemical dynamics, MCTDH scales expo-
nentially with system size in the worst case [7, 8]. Par-
ticularly challenging are strongly non-adiabatic systems,
which significantly depart from the Born-Oppenheimer
(BO) approximation [9, 10].

Quantum computers promise efficient simulations of
full dynamics; by using the molecular Hamiltonian, they
could achieve the same performance for adiabatic or
non-adiabatic dynamics. An efficient simulation is one
whose cost scales polynomially with molecule size and
the inverse error of the final result. There are three
additional desirable features in a simulation algorithm.
First, an end-to-end algorithm completes each of the
three essential steps: initial-state preparation (loading
a given initial state, such as the output of an electronic-
structure calculation, onto a quantum computer), time
evolution, and measurement of observables. Second, in a
controlled-error algorithm, the final error can be arbitrar-
ily reduced using greater computational resources. And

third, in a bounded-error algorithm, the final error can
be rigorously bounded in terms of system parameters.

Efficient quantum simulation of dynamics [11] was
applied to chemical dynamics early on [12]. More re-
cent work has used advances in Hamiltonian simula-
tion [13–16] to extend dynamical simulations to other
fields, including purely electronic dynamics [17, 18], nu-
clear dynamics on potential energy surfaces [19, 20],
and electron-nuclear dynamics in fusion [21]. Similar
techniques have been applied to simulating chemical
dynamics [12, 22, 23], but the existing algorithms do
not have the other three desirable features.

Gaps in full-dynamics simulation exist in both initial-
state preparation and time evolution. In state prepara-
tion, there is no bounded-error method for preparing the
full molecular wavefunction (electrons and nuclei) in first
quantization. Bounded-error methods exist for prepar-
ing the electronic wavefunction alone [24], but those
for nuclear-state preparation [22] lack error bounds on
crucial approximations and scale linearly (i.e., steeply)
with the number of grid points because of the cost of
loading classical data. In time evolution, bounded-error
algorithms exist only for electronic dynamics with fixed
nuclei [17, 25, 26], when nuclei are described by pseu-
dopotentials [22, 27] (an uncontrolled approximation
that has not been validated for dynamics), or when the
Coulomb potential is truncated [23].

Here, we develop an efficient quantum algorithm for
simulating full dynamics that has the three desirable
features above. First, the algorithm is end-to-end, go-
ing from a given initial state to expectation values of
observables. For initial-state preparation, we prepare
both electronic and nuclear wavefunctions, as well as
entangled ones, in first quantization with only logarith-
mic scaling with grid size, an exponential improvement
over prior work [22]. For the nuclei, state preparation
involves a novel approach for general linear coordinate
transformations that may be of independent interest.
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To simulate dynamics, we construct a block encoding of
the molecular Hamiltonian and use it to simulate the dy-
namics using qubitization in a plane-wave basis (PWB).
We then integrate these protocols into an optimal mea-
surement algorithm for computing chemically relevant
observables [7]. Second, the algorithm is controlled-
error, as it makes no uncontrolled approximations such
as the BO approximation or pseudopotentials. Third, it
is bounded-error, subject to two minor approximations
in Section IVA that do not dominate the errors in the
practice. As a result, we can provide constant-factor
qubit and gate costs for the entire algorithm.

We estimate the resources required by our algorithm to
simulate the light-induced dissociation of small molecules
in the atmosphere, one of the most important, but chal-
lenging, problems in non-adiabatic dynamics. A key
quantity of interest is the quantum yield, the probabil-
ity that a molecule fragments into smaller constituents
after a given time. The molecules we consider require
3000–8000 logical qubits and 1013–1016 Toffoli gates to
calculate the quantum yield up to an error ϵ = 0.095.
These are the first end-to-end, bounded-error resource es-
timates for calculating dynamical observables and show
chemical dynamics as a promising application of early
quantum computers.
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I. ALGORITHM OVERVIEW

Given input data that specifies the initial molecular
state, our algorithm (Fig. 1) efficiently computes an
observable of interest to within a specified error toler-
ance after evolving the initial state under the molecular
Hamiltonian. It has all of the desired properties in-
troduced above, being full-dynamics, controllable- and
bounded-error, and end-to-end.

Full dynamics. Time evolution occurs under the molec-
ular Hamiltonian

H = T + V, (1)

which is the sum of the total kinetic energy of all particles
and their Coulomb interactions,

T = −
η∑

i=1

∇2
i

2mi
, V =

η∑
i<j

ζiζj
∥Ri −Rj∥2

, (2)

where η is the total number of particles (the sum of
the numbers of electrons ηe and nuclei ηn) and mj ,
ζj , and Rj are the mass, electric charge, and position
of the jth particle, respectively. We work in atomic
units (ℏ = e = me = 4πϵ0 = 1), ∥ · ∥k is either the ℓk
norm or the Schatten k-norm depending on context, and
logarithms are in base 2 except as otherwise noted.

Controllable and bounded errors. The error of the
observable that is calculated after time evolution is
fully controllable, i.e., given adequate computational
resources, it can be systematically reduced arbitrarily
close to zero. In addition, subject to mild assumptions
about grid parameters in Section IV A, the final error is
bounded, i.e., it can be rigorously computed from the
simulation parameters.

End-to-end. The algorithm’s four steps cover all stages
of dynamics simulation, shown in Fig. 1.

0. Input Data (Section II). Our algorithm requires
classical input data that specifies the initial molecular
state. Any molecular state can be expressed as

Ψ(t = 0) =
∑
I

∑
J

CIJψ
(e)
I ψ

(n)
J , (3)

where {ψ(e)
I } and {ψ(n)

J } are electronic and nuclear
configurations, with amplitude {CIJ}. Then, the re-
quired input data includes {CIJ} and the specifications
of {ψ(e)

I } and {ψ(n)
J } (e.g., the underlying basis sets).

These requirements are met by output from standard
electronic- and vibrational-structure calculations.

1. Classical Preprocessing (Section III). We first pre-
process Ψ(t = 0) to yield an approximate representation
that can be efficiently prepared on a quantum com-
puter. The electronic state is preprocessed by project-
ing the molecular orbitals (MOs) onto a PWB, then
encoding as a matrix product state (MPS) [24]. We
preprocess the nuclear state by extending this approach
to efficiently project the single-modals (SMs) onto the
PWB and encode them as MPSs. The resulting state is
|Ψ̂(t = 0)⟩MPS, where a hat denotes a PWB state.

2. Initial State Preparation (Section IV). UISP pre-
pares the approximation | ˜̂Ψ(t = 0)⟩MPS to |Ψ̂(t =

0)⟩MPS on the quantum computer in four steps. First,
|Ψ̂(t = 0)⟩MPS is prepared in the MO and SM bases
(MOB and SMB, respectively) using the sum-of-Slaters
(SoSlat) algorithm [28]. Second, for the electronic state,
the MO labels are antisymmetrized to ensure fermionic
statistics [29]. Third, the state is approximately trans-
formed from the MOB/SMB to a PWB using the unitary
synthesis approach for preparing MPSs [24]. Finally, be-
cause the Coulomb operator to be implemented in time
evolution is naturally expressed in Cartesian coordinates,
the nuclear state is transformed from normal coordinates
to Cartesian coordinates. Figure 2 illustrates the various
bases and how they relate to each other.

3. Time Evolution (Section V). Uprop evolves |Ψ̂(0)⟩
under H for time t to give the final state

|Ψ̂(t)⟩ = e−iHt|Ψ̂(0)⟩. (4)

We simulate the time evolution using qubitization [15].
To do so, we first project H onto the PWB using the
Galerkin representation (see Appendix A),

T =

η∑
j=1

∑
p∈G

∥kp∥22
2mj

|p⟩ ⟨p|j (5)

V =
2π

L3

η∑
i ̸=j=1

∑
p,q∈G

∑
ν∈G0

(p+ν)∈G
(q−ν)∈G

ζiζj
∥kν∥22

× |p+ ν⟩ ⟨p|i |q− ν⟩ ⟨q|j , (6)

where L is the length of the computational cell along
any dimension, the momenta are

kp =
2π

L
p for p ∈ G, (7)

and the simulation grid is G =
[−(N − 1)/2, (N − 1)/2]

3 ∩ Z3, where N is the
number of plane waves along each dimension. Finally,
G0 = G\{(0, 0, 0)} excludes the singular zero mode [30].
The projected Hamiltonian is decomposed into a linear
combination of unitaries (LCU), which allows us to
block-encode it and perform time-evolution via quantum
signal processing (QSP) [14].

4. Measurement (Section VI). Any chemical observ-
able O can be extracted from |Ψ̂(t)⟩. To do so, we
transform the wavefunction from the PWB into the
eigenbasis of the observable. For many chemical observ-
ables, such as bond lengths and reaction yields, this
means transforming |Ψ̂(t)⟩ to the position-space |Ψ(t)⟩
by applying an inverse QFT. For greatest asymptotic effi-
ciency in estimating ⟨O⟩, we use an amplitude-estimation
approach [31]. For target error ϵ in ⟨O⟩, amplitude esti-
mation has the asymptotically optical query complexity
O(λO/ϵ) for λO ≥ ∥O∥. For many important observ-
ables, such as yields, λO = 1, ensuring a small cost.

Costs (Section VII). Ours is the first end-to-end
quantum-simulation algorithm for chemistry whose re-
source costs can be stated in terms of only the sys-
tem parameters η, t, and ϵ. Overall, it requires
Õ
(
η3t/ϵ4/3 + η2t/ϵ5/3

)
gates, with constant factors

given below.
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3. Time evolution 4. Measurement

MPS encoding

2. Initial state prep.

1. Classical preproc.
PWB projection

Figure 1. Chemical dynamics algorithm. Given a specification of the initial state in the occupation-number basis (ONB), the
algorithm returns an estimate of an observable. Each step is followed by an illustration of the wavefunction at that point.
Step 1: Classical preprocessing projects the initial state onto a plane-wave basis (PWB) and finds a matrix-product-state
(MPS) encoding it. Step 2: Initial-state preparation converts the MPS into |Ψ̂(0)⟩ on the quantum computer in a PWB
representation, and a normal-mode transformation nct is applied to the nuclear states. Step 3: Time evolution evolves
|Ψ̂(0)⟩ under the molecular Hamiltonian into |Ψ̂(t)⟩. qft† is applied if the observable of interest is most easily measured in
position space, yielding |Ψ(t)⟩. Step 4: Measurement of observable O on |Ψ(t)⟩ gives outcomes that can be averaged to yield
an expectation value. Not shown is quantum amplitude estimation, used to reduce the number of measurements.

II. INPUT DATA

We begin with conventional approaches to specify Ψ
given in Eq. (3). In many areas of chemistry, dynamical
simulations are challenging because correlation between
the nuclei and electrons develops during dynamics, but
is often negligible at t = 0. In this case, Ψ(t = 0) is well
described by a separable state

Ψ = Ψ(n)Ψ(e), (8)

where Ψ(e) and Ψ(n) are the electronic and nuclear wave-
functions, respectively, and we drop the explicit reference
to t = 0. In the separable setting, the electronic and
nuclear states can be determined separately, as discussed
in Sections IIA and IIB, respectively. In Section IIC,
we consider non-separable initial states.

A. Electronic-state data

The electronic state Ψ(e) is specified using classical
methods for solving the time-independent electronic
Schrödinger equation. For fixed nuclear geometry R, H
reduces to the electronic Hamiltonian [32, 33],

H(e)(R) = −
ηe∑
i=1

∇2
i

2
+

ηe∑
i<j

1

∥ri − rj∥2

−
ηe∑
i=1

ηn∑
ℓ=1

ζℓ
∥Rℓ − ri∥2

. (9)

Its eigenstates obey

H(e)(R)Ψ(e)(x;R) = E(R)Ψ(e)(x;R), (10)

where E(R) is the electronic energy of the molecule given
nuclei at R. We use a semicolon to indicate that Ψe

depends parametrically on R.

In the Hartree-Fock (HF) approximation, the elec-
tronic state is a single Slater determinant,

ψ
(e)
I (x) =

1√
ηe!

∣∣∣∣∣∣∣∣∣
χa (x1) χb (x1) · · · χc (x1)
χa (x2) χb (x2) · · · χc (x2)

...
...

. . .
...

χa (xηe
) χb (xηe

) · · · χc (xηe
)

∣∣∣∣∣∣∣∣∣ ,
(11)

where χa(xi) is the ath molecular orbital (MO) occupied
by the ith electron, xi = (ri, ωi) is a vector of the
electron’s position ri and its spin variable ωi, and we
suppress the explicit reference to R. Each MO is a
product of a spatial orbital and a spin function,

χa(xi) = ϕa(ri)σa(ωi), where σ(ω) ∈ {α(ω), β(ω)}.
(12)

We refer to ψ(e)
I (x) as an electronic configuration and

index it using its occupation number vector I =
(n1, n2, . . . , nNMOB

), where na ∈ {0, 1} indicates if the
ath orbital is occupied and NMOB is the number of MOs.

Each spatial orbital can be expanded as a linear com-
bination of Ng atom-centered Gaussians [32, 33],

ϕa(r) =

ηn∑
ℓ=1

Ng∑
µ=1

c
(e)
aℓµgℓµ(r), (13)
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Figure 2. Wavefunction representations (bases and coordinate systems) used in the algorithm. Top row: example nuclear
and electronic wavefunctions in the occupation number (ON) basis. Bottom row: the same wavefunctions in first-quantized
representations, including the molecular orbital (MO) and single-modal (SM) bases. The grid bases are related by the
normal-mode transformation nct or quantum Fourier transform QFT. Hats indicate functions in plane-wave bases.

where the Gaussian primitives are defined by

gℓµ(r) ∝ (x−Xℓ)
lµ(y − Yℓ)mµ(z − Zℓ)

nµe−γµ∥r−Rℓ∥2

,
(14)

γµ is a width, lµ,mµ, nµ are integers, x, y, z are compo-
nents of r, and Xℓ, Yℓ, Zℓ are components of Rℓ.

Higher-accuracy electronic-structure methods go be-
yond HF, typically by expressing the electronic wavefunc-
tion as a linear combination of configurations [32, 33],

Ψ(e)(x) =
∑
I

C
(e)
I ψ

(e)
I (x). (15)

Post-HF methods differ in how they select the set of
configurations. For example, configuration interaction
singles and doubles (CISD) only includes singly and dou-
bly excited configurations. Post-HF methods converge
to the solution of the Schrödinger equation (within the
basis set) in the limit of full configuration interaction
(FCI), which includes all configurations. Overall, an
electronic state is specified by the C(e)

I , c(e)aℓµ and gℓµ.

B. Nuclear-state data

For a separable state, the nuclear wavefunction
Ψ(n) is found by solving the time-independent nuclear
Schrödinger equation,

H(n)
a Ψ(n)(R) = EΨ(n)(R), (16)

where H(n)
a is the nuclear Hamiltonian corresponding to

the ath electronic excited state. That is [32],

H(n)
a = −

ηn∑
ℓ=1

∇2
ℓ

2mℓ
+ Va(R), (17)

where the potential energy surface (PES) of the ath
excited state is

Va(R) = Ea(R) +

ηn∑
ℓ<k

ζℓζk
∥Rℓ −Rk∥2

, (18)

and Ea(R) is the electronic energy from Eq. (10).
For chemically relevant, low-energy nuclear states,

Ea(R) only needs to be I computed for small displace-
ments about nuclear equilibrium positions, which can
be done accurately using a variety of methods [34–40].

A convenient coordinate system for expressing Va(R)
is the normal coordinates. Expanding Va(R) about the
equilibrium geometry R(0) to second order in terms of
the mass-weighted nuclear displacements D̄ = M1/2D,
with D = R−R(0), and

M = diag(m1,m1,m1,m2,m2,m2, . . . ,

mηn
,mηn

,mηn
) (19)

yields the quadratic Hamiltonian

H(n,2)
a = −1

2
∇2

D̄ +
1

2
D̄⊤HeaD̄, (20)

where ∇2
D̄

is the Laplacian with respect to D̄ and the
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Hessian is defined by its elements

[Hea]ij =
∂2Va(D̄)

∂D̄i∂D̄j

∣∣∣
D̄=0

. (21)

Defining the normal coordinates Q = OD̄ as those that
diagonalize the Hessian (with orthogonal matrix O such
that OHeaO

⊤ = Wa for Wa = diag(ω2
a1, . . . ω

2
a3ηn

)),
we arrive at

H(n,2)
a = −1

2
∇2

Q +
1

2
Q⊤WaQ. (22)

Thus, in normal coordinates, H(n,2)
a is a sum of 3ηn

independent harmonic oscillators with frequencies ωi.

The eigenstates of H(n,2)
a are products of 3ηn indi-

vidual states, each of which is a function of a single
normal coordinate. For a non-linear molecule, 3ηn − 6
of the normal coordinates (3ηn − 5 for linear molecules)
have non-zero eigenvalues and correspond to vibrational
modes of the molecule. The νth eigenstate of the ith
mode is the harmonic-oscillator eigenstate [41, 42]

Ωiν(Q) =
1√
2νν!

(ωi

π

)1/4
Hν

(√
ωiQ

)
e−ωiQ

2/2, (23)

where Hν(x) are Hermite polynomials. We call Ωiν

Hermite-Gaussian primitives because they play a similar
role to Gaussian primitives in the previous section. From
now on, we omit the dependence on a, with it being
understood that Ωiν and ωi are defined with respect to
a given PES.

The remaining six coordinates (five for linear
molecules) have eigenvalues equal to zero and corre-
spond to translations and rotations [42, 43]:

Q3ηn−5 = Tx, Q3ηn−4 = Ty, Q3ηn−3 = Tz,
Q3ηn−2 = Rx, Q3ηn−1 = Ry, Q3ηn = Rz, (24)

where Tτ and Rτ are the translational and rotational
coordinates along or about the axis τ , respectively. We
denote translational and rotational states as Φ

(tr)
τ (Tτ )

and Φ
(rot)
τ (Rτ ), respectively. Formally, these are plane-

wave solutions to the free-particle Hamiltonian. However,
to ensure a localized centre of mass, we instead prepare
them as Gaussian wavepackets,

Φ(tr)
τ (Tτ ) = (Γτ/π)

1/4
e−ΓτT 2

τ /2,

Φ(rot)
τ (Rτ ) = (Υτ/π)

1/4
e−ΥτR2

τ/2, (25)

where Γτ and Υτ set the widths of the Gaussians. The
rotational coordinates only transform as rotations for in-
finitesimal displacements [42, 43]. Therefore, Υτ should
be large enough that Φ

(rot)
τ (Rτ ) has support only over

a sufficiently small range of Rτ .
The total nuclear state consisting of vibrational, trans-

lational, and rotational states is therefore

Ψ
(n)
VHP(Q) =

(
Nvib∏
i=1

Ωiν(Q)

)
ψ(tr)ψ(rot), (26)

where Nvib = 3ηn − 6, and we define the translational

and rotational states as

ψ(tr) =
∏

τ∈{x,y,z}
Φ(tr)

τ (Tτ ) (27)

ψ(rot) =
∏

τ∈{x,y,z}
Φ(rot)

τ (Rτ ) . (28)

We refer to Ψ
(n)
VHP(Q) as the vibrational Hartree product

(VHP) and the individual states that comprise it as
single-modals (SMs).

By treating the vibrational and rotational states as
uncoupled, Eq. (26) implicitly assumes the rigid-rotor
approximation. This approximation is justified if the
coupling between vibrational and rotational motion is ini-
tially small [43], which is typically the case for molecules
at or near the rovibrational ground state. The transla-
tional state exactly separates from the vibrational and
rotational states because there is no external field [43].

For states where anharmonic corrections to Va are
important, higher levels of theory are required to improve
upon VHP. The next level of accuracy is the VSCF
approach [34, 35, 39], in which H(n) is treated using a
mean-field approximation, similar to the HF approach
in electronic structure. Here, each normal coordinate
experiences the average interaction of all other normal
coordinates. Like the VHP state, the VSCF state is also
a product state,

Ψ
(n)
VSCF(Q) = ψ

(vib)
J ψ(tr)ψ(rot), (29)

where

ψ
(vib)
J =

Nvib∏
i=1

Φiµ(Q), (30)

and J is a collective index given by

J = ((n11, n12, . . . , n1NSMB
), (n21, n22, . . . , n2NSMB

),

. . . (nNvib1, nNvib2, . . . , nNvibNSMB
)), (31)

with NSMB being the size of the SM basis set. Here,
niµ = 1 if the µth state of the ith mode is occupied, and
0 otherwise. Hence, J defines an occupation number
vector for the vibrational states. We refer to each |ψ(vib)

J ⟩
as a vibrational configuration. In VSCF, vibrational SMs
are linear combinations of Hermite-Gaussian primitives,

Φiµ(Q) =

Nhg−1∑
ν=0

c
(n)
iµνΩiν(Q), (32)

where Nhg is the number of Hermite-Gaussian primitives
per normal mode, and c(n)iµν are expansion coefficients.

Occasionally, coupling between normal coordinates
can be important in the initial state. Capturing this
effect requires post-VSCF (pVSCF) methods, such as
vibrational configuration interaction [38–40] and vibra-
tional coupled cluster [37]. We express a pVSCF nuclear
wavefunction as

Ψ
(n)
pVSCF(Q) =

∑
J

C
(n)
J ψ

(n)
J , (33)
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State description

Layer Electronic Nuclear

Molecular Ψ =
∑

IJ CIJψ
(e)
I ψ

(n)
J

Configuration ψ
(e)
I = det(χa(x1) · · ·χc(xηe

)) ψ
(n)
J = Φ1µ · · ·Φ3ηnτ

MO/SM χa(x) = σa(ω)
∑

ℓ,µ c
(e)
aℓµgℓµ(r) Φiµ(Q) =

∑
ν c

(n)
iµνΩiν(Q)

Table 1. States considered as input data decomposed into layers. The top layer are molecular states which consist of electronic
and nuclear degrees of freedom. The middle layer shows electronic and nuclear configurations decomposed as MOs or SMs.
The final layer shows MOs and SMs decomposed as Gaussian or Hermite-Gaussian primitives.

where we define nuclear configurations as

ψ
(n)
J = ψ

(vib)
J ψ(tr)ψ(rot). (34)

VHP, VSCF, and pVSCF are all valid nuclear states to
be used in Eq. (8). A nuclear state is fully specified by
C

(n)
J , c(n)iµν , and Ωνi

, as well as Γτ and Υτ .
In treating nuclear states, we ignore nuclear spin be-

cause most chemical processes do not depend on nuclear
spin. However, it could easily be included if desired,
with identical nuclei being either symmetrized or anti-
symmetrized depending on their statistics.

C. Non-separable state data

More general techniques can be used to find a non-
separable state of the form in Eq. (3) that is a solution
to the full time-independent molecular Schrödinger equa-
tion, HΨ = EΨ, where H is given in Eq. (1).

We consider Ψ as being decomposed into three layers
of abstraction, shown in Table 1. At the molecular layer,
the wavefunction depends on all coordinates of both the
electrons and nuclei and is expanded as a linear combi-
nation of products of many-body electronic and nuclear
configurations. At the configuration layer, each elec-
tronic configuration is an antisymmetric product (Slater
determinant) of single-body electronic MOs, while each
nuclear configuration is a product of single-body SMs.
Finally, at the MO/SM layer, MOs and SMs can be
expanded, respectively, in finite sets of atom-centered
Gaussian primitives or Hermite-Gaussian primitives.

For a non-separable state, the expansion coefficients
CIJ are found by treating the nuclear and electronic
components simultaneously. One such approach is the
nuclear-electronic orbital (NEO) method [44], which
treats some low-mass nuclei—typically hydrogens—on
the same footing as the electrons. The NEO wavefunc-
tion has the same form as Eq. (3), except that the nuclear
configurations are in terms of Cartesian coordinates. In
our approach, NEO would be used to treat all nuclei
quantum mechanically, with the wavefunction expressed
in normal coordinates.

The parallelism between the descriptions of electronic
and nuclear configurations in Table 1 means that meth-
ods for preparing electronic states on a quantum com-
puter can also be used to prepare nuclear states with
only minor modifications.

III. CLASSICAL PREPROCESSING

Here, we show that MOs and SMs that comprise Ψ,
defined in Eq. (3) and specified by the input data, can
be efficiently projected onto a PWB and subsequently
encoded as an MPS, a form suitable for preparation
on a quantum computer. We refer to this sequence
of steps as preprocessing. This result extends to SMs
the approach of Huggins et al. [24], who showed that
MOs can be efficiently projected onto a PWB and then
encoded as an MPS. Compared with Grover–Rudolph
state-preparation methods [45], this approach avoids po-
tentially costly coherent integration over basis functions.

For both electronic and nuclear states, we only
need to preprocess the MOs/SMs. These preprocessed
MOs/SMS will be used to construct configurations and
linear combinations of configurations in Section IV. Be-
cause of this, preprocessing does not distinguish between
separable and non-separable initial states. In either case,
preprocessing is performed the same, and the distinc-
tion between separable and non-separable initial states
realized during initial state preparation, Section IV.

A. MO preprocessing

An MO can be efficiently projected onto a PWB and
encoded as an MPS [24]. In what follows, we focus on
the spatial orbitals because we show in Section IVB
that preparing spin functions is trivial. We assume that
a spatial orbital ϕa(r) is a linear combination of Ng

atom-centred Gaussian primitives, obtained via canoni-
cal orthogonalization (Appendix D of [24]).

Projecting ϕa onto a PWB amounts to projecting its
constituent Gaussian primitives:

ĝℓµ(r) =
1

Ñ (e)
ℓµ

∑
k∈K3

(∫
R3

φk(r
′)gℓµ(r

′) dr′
)
φk(r),

(35)
where gℓµ(r) is defined in Eq. (13), Ñ (e)

ℓµ are normaliza-
tion constants, and the plane waves are

φk(r) = e−ikxxe−ikyye−ikzz/L3/2, (36)

where k = (kx, ky, kz) is the momentum vector, and L3

is the simulation volume. We use a hat to denote states
in a PWB (e.g., ĝℓµ). The simulation grid along a given
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dimension in a PWB is defined as

K =

{
2πp

L
: p ∈ Z

}
. (37)

In Eq. (35), the integration bounds have been extended
from ±L to ±∞ so that the integral becomes a Fourier
transform. This approximation is justified if gℓµ(r) decay
sufficiently before ±L. We denote ϕa projected onto the
PWB and expanded in terms of ĝℓµ as ϕ̂a.

To make the sum in Eq. (35) tractable, we replace the
sum over K by a sum over the finite set

Kcut = {k ∈ K : |k| ≤ K(e)
a }, (38)

whereK(e)
a is a momentum cutoff. We denote the approx-

imate Gaussian primitives projected onto this truncated
PWB as ˜̂gℓµ, and MOs expanded in terms of ˜̂gℓµ as ˜̂

ϕa.
Lemma 3 of [24] demonstrates that there exists a

function ˜̂
ϕ
(poly)
a that approximates ˜̂

ϕa by expanding ˜̂gℓµ
over a finite set of polynomials. The error between ϕ̂a

and ˜̂
ϕ
(poly)
a is defined as

ϵ(e,c)a = D(ϕ̂a,
˜̂
ϕ(poly)a ), (39)

where, for pure states |f⟩ and |g⟩, the trace distance is

D(|f⟩, |g⟩) =
√

1− |⟨f |g⟩|2. (40)

Here, |f⟩ and |g⟩ may both be either discrete or contin-
uous pure states.

For a given δ(e,c)a ∈ (0, 1), this error is bounded by [24]

ϵ(e,c)a ≤ δ(e,c)a , (41)

provided that the momentum cutoff satisfies

K(e)
a = 2

√
2γmax

×

√√√√2 ln

(
288
√
3Ng(

δ
(e,c)
a

)4
Σ2

)
+ lmax ln(4lmax) + ln(45),

(42)

γmax = maxµ γµ, lmax = maxµ{lµ,mµ, nµ}, and Σ is the
eigenvalue cutoff used during canonical orthogonaliza-
tion [24]. Asymptotically,

K(e)
a = O

(√
ln(1/ϵ

(e,c)
a )

)
. (43)

We can express ˜̂
ϕ
(poly)
a as a quantum state by mapping

φk to the computational basis:

φk(r)→
∣∣kxL

2π

〉 ∣∣∣kyL
2π

〉 ∣∣kzL
2π

〉
. (44)

Using N
(e)
a = 2⌈LK(e)

a /2π⌉ + 1 and G(e)
a =

[−N (e)
a , N

(e)
a ]3 ∩ Z3 we get

| ˜̂ϕ(poly)a ⟩ =
∑

n∈G(e)
a

˜̂
ϕ(poly)a ( 2πnL ) |n1⟩ |n2⟩ |n3⟩ , (45)

where n = (n1, n2, n3).
Finally, | ˜̂ϕ(poly)a ⟩ can be expressed exactly as a

⌈logN (e)
a ⌉-qubit MPS, |ϕ̂a⟩MPS [24]. An MPS |κ⟩ has

the form

|κ⟩ =
∑

s∈{0,1}n,{α}
As1

α1
As2

α1α2
· · ·Asn

αn−1
|s1s2 · · · sn⟩ ,

(46)
where Asj

αi and A
si+1
αiαi+1 are rank-2 and rank-3 tensors,

respectively, and αi are virtual indices. The dimension
of αi is called the bond dimension. For a given δ(e,c),
the maximum dimension Ma of |ϕ̂a⟩MPS obeys [24]

Ma ≤ 8e2Ng

(
2 ln

(
288
√
3Ng(

δ
(e,c)
a

)4
Σ2

)
+ lmax ln(4lmax) + 4

)
, (47)

which implies that |ϕ̂a⟩MPS can be efficiently encoded.
Additionally, numerical evidence from [24] suggests that
the scaling of the bond dimension with Ng may be
sublinear in practice for typical molecular systems.

B. SM preprocessing

We extend the MO preprocessing approach and prove
that SMs can also be efficiently projected onto a PWB
and encoded as an MPS. A given SM Φiµ(Q) consists of a
linear combination of Nhg Hermite-Gaussian primitives,
Eq. (23). For notational simplicity, here Φiµ(Q) repre-
sents vibrational, rotational, and translational states.
In the case of translational and rotational states, µ is
dropped, i is substituted with τ , and Q is replaced with
the appropriate coordinate in Eq. (24).

The projection of a given Φiµ is

Φ̂iµ(Q) =
1

Ñ (n)
iµ

∑
k∈K

(∫
R
φ∗
k(Q

′)Φiµ(Q
′)dQ′

)
φk(Q),

(48)
where

φk(Q) =
e−ikQ

L1/2
(49)

is a 1D plane wave and Ñ (n)
iµ is a normalization constant.

As in Eq. (35), extending the integration bounds to ±∞
is justified assuming Φiµ is negligible beyond ±L.

We approximate Φ̂iµ as a finite sum by replacing
K with Kcut of Eq. (38), but with K

(e)
a replaced with

the nuclear momentum cutoff K
(n)
iµ . We denote these

approximate states by ˜̂
Φiµ and define the error ϵ(n,t)iµ

from truncating K to Kcut as

ϵ
(n,t)
iµ = D(Φ̂iµ,

˜̂
Φiµ). (50)

According to Lemma 1 in Appendix B1, for a given
δ
(n,t)
iµ ∈ (0, 1), the truncation error is bounded by

ϵ
(n,t)
iµ ≤ δ(n,t)iµ (51)
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provided each Ñ (n)
iµ ≥ 2/3 and K(n)

iµ satisfies

K
(n)
iµ =

√
2ωi

×
√

2 ln
((
δ
(n,t)
iµ

)−1
)
+ ln

(
1√
2
+ 2

√
π

L
√
ωi

)
+ F (Nhg)

(52)

and F (Nhg) = (Nhg − 1) ln(4(Nhg − 1)) + 5.4. Asymp-
totically,

K
(n)
iµ = O

(√
ln(1/ϵ

(n,t)
iµ )

)
. (53)

Lemma 2 in Appendix B2 proves the existence of
˜̂
Φ

(poly)
iµ , a degree-(Miµ − 1) polynomial approximation

to ˜̂
Φiµ, such that for a given δ(n,p)iµ ∈ (0, 1), the error

ϵ
(n,p)
iµ = D

(
˜̂
Φiµ,

˜̂
Φ

(poly)
iµ

)
(54)

is bounded by

ϵ
(n,p)
iµ ≤ δ(n,p)iµ , (55)

provided the conditions in Eq. (B15) are satisfied.

The combined error of approximating Φ̂iµ by pro-
jecting onto a truncated PWB and approximating this
projection with a polynomial is

ϵ
(n,c)
iµ = D

(
Φ̂iµ,

˜̂
Φ

(poly)
iµ

)
. (56)

We show in Appendix B 2 that for a given δ(n,c)iµ ∈ (0, 1),
setting δ(n,p)iµ = δ

(n,t)
iµ = δ

(n,c)
iµ /2 and using the triangle

inequality leads to the upper bound

ϵ
(n,c)
iµ ≤ δ(n,c)iµ , (57)

provided that

Miµ ≥
e2

ωi

(
K

(n)
iµ

)2 (58)

and Eq. (52) is satisfied. In this case, Eq. (58) replaces
the conditions on Miµ given in Eq. (B15).

In the same way that we expressed ˜̂
ϕ
(poly)
a as a quan-

tum state, we can express ˜̂
Φ

(poly)
iµ as a quantum state by

mapping φk to the computational basis to get

| ˜̂Φ(poly)
iµ ⟩ =

∑
n∈G(n)

iµ

˜̂
Φ

(poly)
iµ

(
2πn

L

)
|n⟩ , (59)

where G(n)
iµ = [−N (n)

iµ , N
(n)
iµ ] ∩ Z and N

(n)
iµ =

2⌈LK(n)
iµ /2π⌉+1. In Appendix B 3, we prove that, using

a two’s-complement representation to encode the com-
putational basis in Eq. (59), | ˜̂Φ(poly)

iµ ⟩ can be expressed
exactly as a ⌈logN (n)

iµ ⌉-qubit MPS with a maximum
bond dimension of 2Miµ + 4. We denote the MPS rep-
resentation as |Φ̂iµ⟩MPS and note that NSMB is the only
term that scales superlogarithmically in Miµ, which

establishes that Φ̂iµ has an efficient MPS encoding.
SMs have the property that, under a coordinate rescal-

ing, the bounds on K(n)
iµ and Miµ are adjusted by rescal-

ing ωi. To see this, let Q̄ = d−1/2Q, where d > 0 and
Φ′

iµ denote Φiµ in terms of Q̄,

Φ′
iµ(Q̄) = Φiµ(Q) = Φiµ(

√
dQ̄). (60)

Because Φiµ is a linear combination of Hermite-Gaussian
primitives, Φiµ(

√
dQ̄) is given by substituting ωi → ωid

in Eq. (23). Thus, the bounds in Lemmas 1 and 2 apply
to Φ′

iµ(Q̄) after replacing every instance of ωi by ωid.

IV. INITIAL-STATE PREPARATION

This section constructs a unitary UISP that prepares
the initial state in the PWB,

UISP|0⟩ = |Ψ̂⟩, (61)

where |Ψ̂⟩ is composed of MOs and SMs projected onto
the PWB as described in Section III. For separable
states, the ISP unitary is the product

U
(sep)
ISP = U

(e)
ISPU

(n)
ISP, (62)

of electronic and nuclear ISP unitaries,

U
(e)
ISP|0⟩ = |Ψ̂(e)⟩ and U

(n)
ISP|0⟩ = |Ψ̂(n)⟩. (63)

In Section IV A, we explain how we construct a com-
mon simulation grid to represent the electrons and nuclei
in first quantization, which determines the memory re-
quirements to store the molecular wavefunction.

In Section IV B, we construct U (e)
ISP using the unitary-

synthesis approach [24]. For multi-configurational states,
we first prepare the second-quantized representation of
the state using a combination of arbitrary state prepa-
ration [46] and the sum-of-Slaters (SoSlat) method [28],
then use this state to prepare |Ψ̂(e)⟩.

For U
(n)
ISP, we develop a new state-preparation ap-

proach in Section IVC which solves the challenge of
converting normal-coordinate expressions for initial nu-
clear states to a Cartesian representation suitable for
time evolution. To prepare the normal-coordinate repre-
sentation, we adapt the unitary-synthesis approach [24]
that we use for electronic states. We then transform
the wavefunction into Cartesian coordinates using a
sequence of shears, reflections, and ±π/2-rotations.

We construct separable electronic and nuclear states,
U

(sep)
ISP , in Section IV D.
Our approach to preparing separable states can be ex-

tended to prepare non-separable states with only minor
modifications. In Section IV E, we show that the cost to
prepare non-separable states is comparable to the cost
of preparing separable ones.

In each section, we summarize the ancilla-qubit and
Toffoli-gate resources needed to implement each ISP
unitary. We also give the error that each unitary intro-
duces. Finally, in Section IV F, we determine the overall
asymptotic complexity of ISP.
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A. Common grid

We prepare every particle on the same cubic simula-
tion grid, which means that the momentum cutoff Kmax

and the momentum grid spacing ∆ = 2π/L are the same
for every electron and nucleus along each of the three
Cartesian coordinates. We set Kmax to be the largest
among the momentum cutoffs derived in Section III,

Kmax = max
{
max

a
K(e)

a ,max
i,µ

K
(n)
iµ

}
, (64)

which ensures that all error bounds from Section III are
simultaneously satisfied. For a given truncation error
ϵ(t), Kmax inherits the scaling of K(e)

a and K
(n)
iµ , given

in Eqs. (43) and (53), i.e.,

Kmax = O
(√

log(1/ϵ(t))
)
. (65)

We set ∆ based on error bounds for performing normal-
coordinate transformations. In Eq. (167), we find

∆ = O(ϵLCT/η
2
n), (66)

where ϵLCT is the target error for a linear coordinate
transformation, with the precise values given by the
procedure in Section IVC 3.

Our choices of Kmax and ∆ involve the only approxi-
mations in our algorithm whose errors we do not bound,
even though both are controllable. We do not bound
them because of the difficulty of finding fully general
bounds and because, in practice, the errors incurred are
significantly smaller than the ones we do bound.

The first approximation is that Kmax suffices to repre-
sent |Ψ̂(t)⟩ at all times. Equation (64) guarantees that
our encoding of |Ψ̂(0)⟩ is accurate at t = 0, but the mo-
mentum cutoff may become insufficient at longer times if
|Ψ̂(t)⟩ explores higher-momentum regions of the Hilbert
space. In general, it is expected thatKmax = O(ϵ−1/3) is
needed to resolve arbitrary molecular wavefunctions [47–
53]. However, because we consider low-energy dynamics,
we assume that Kmax is large enough for this problem
to be unimportant. In the examples in Section VIII,
the problem does not arise because we impose small
ISP error targets, resulting in large Kmax (i.e., small
real-space grid spacing ∆L = π/Kmax). As shown in
Table 4, ISP requires ∆L ∼ 0.01 a0, in agreement with
what is generally used in the field [54]. In any event,
the approximation is controllable, and the error can be
reduced arbitrarily by increasing Kmax beyond Eq. (64).

The second approximation arises from our use of the
PWB, which implies periodic boundary conditions, re-
sulting in spurious interactions between particles in the
molecule and those in its periodic images. Therefore, we
assume that L is large enough that these interactions
are negligible. In practice, as shown in Section VIII, for
the normal-mode transformation to meet our strict error
bounds already requires large L, typically hundreds of
times the size of the molecule (see Table 4), making
the periodic interactions small. For neutral molecules,
the interaction is dominated by the dipole-dipole term,
which scales as O(L−3), meaning that an L that is 100
times the size of the molecule results in a relative energy

error of 10−6, significantly smaller than other errors
we consider. If that were not satisfactory, this approx-
imation is also controllable, with the error arbitrarily
reducible by increasing L, at polynomial cost.

Overall, Kmax and ∆ determine the qubit costs to
store the molecular wavefunction. The number of plane
waves per particle per spatial dimension must be at least

N̄ = 2

⌈
Kmax

∆

⌉
+ 1 = O

(
η2n
√
log(1/ϵ(t))

ϵLCT

)
. (67)

Because the number of qubits must be an integer, we
represent the grid using

np = ⌈log2 N̄⌉ (68)

qubits per particle per dimension. This increases the
number of plane waves to

N = 2np − 1, (69)

where one plane wave is removed in the signed-magnitude
representation, which requires odd N . The increase from
Eq. (67) implies that Kmax, ∆, or both must change. We
keep Kmax fixed and update ∆ to ∆ = 2Kmax/(N − 1).

The total number of qubits needed to represent |Ψ̂⟩
is therefore

Cdata = 3ηnp + ηe, (70)

of which 3np represent the spatial wavefunction of each
of η particles and an additional qubit represents the
spin of each of ηe electrons. The integer grid points are
expressed using the signed-magnitude representation.

B. Electronic ISP

Given an initial electronic state |Ψ(e)⟩, specified as in
Section II A, with MOs preprocessed as in Section III A,
we can construct a unitary Ũ (e)

ISP that prepares the ap-

proximate state | ˜̂Ψ(e)⟩MPS on a quantum computer [24].
Our approach consists of five main steps.

1. Arbitrary state preparation

Let asp(e) be a unitary that implements arbitrary
state preparation such that

asp(e)|0⟩ = |ψ⟩ =
D(e)−1∑
i=0

C
(e)
i |i⟩, (71)

where C(e)
i is the ith coefficient of the set {Ce)

I }, D(e) is
the number of electronic configurations, and |0⟩ is the
all-zeros state. We implement an approximation ãsp(e)

to asp(e) using the method in [46], which prepares

ãsp(e)|0⟩ = |ψ̃⟩ =
D(e)−1∑
i=0

C̃
(e)
i |i⟩, (72)
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where C̃(e)
i is an approximation to C(e)

i . The resulting
state can be represented using ⌈logD(e)⌉ qubits. We
give the number of ancilla qubits and Toffoli gates used
by a subroutine to implement a given unitary by the
functions Canc(·) and CToff(·), respectively. The costs
to implement ãsp(e) are [24]

Canc(ãsp(e)
) = 1

2 log(D
(e)) +

D(e)b
(e)
asp

4(b
(e)
asp + 1)1/2

+ 1
2 log(b

(e)
asp + 1) + 3b

(e)
asp − 4 (73)

CToff(ãsp(e)
) = 25/2(1 +

√
2)D(e)(b

(e)
asp + 1)1/2

+ 2 log(D(e))(b
(e)
asp − 4), (74)

where b(e)asp is the number of precision qubits used by the
rotation multiplexor in the ASP algorithm [24].

2. ONB preparation

The next step is to convert |ψ̃⟩ into the ONB. Let

|Ψ̃(e)⟩ONB =
∑
I

C̃
(e)
I |I⟩, (75)

be an approximate ONB representation of |Ψ(e)⟩, where
the occupation number vector I is defined in Section II A
and each |I⟩ encodes a state in the ONB. We prepare
|Ψ(e)⟩ONB using the SoSlat algorithm [28]. Let SoSlat(e)

be a unitary that implements the SoSlat algorithm,

SoSlat(e)|ψ̃⟩ = |Ψ̃(e)⟩ONB. (76)

The resulting state is represented using NMOB qubits.
To prepare |Ψ̃(e)⟩ONB using SoSlat(e), we require [28]

Canc(SoSlat
(e)) = 5 logD(e) − 3 (77)

CToff(SoSlat
(e)) ≤ D(e)(2 logD(e) + 3). (78)

3. ONB to MOB transformation

Next, we convert |Ψ̃(e)⟩ONB into the MO basis (MOB)
representation |Ψ̃(e)⟩MOB using the unitary onb2mo
that performs

onb2mob|n1, n2 . . . ⟩ = |a⟩1|b⟩2 . . . |c⟩ηe . (79)

In the MOB, each electron has its own register of size
⌈logNMOB⌉, so that the register |a⟩i indicates that the
ith electron occupies the ath MO. Then, |Ψ̃(e)⟩MOB is
expressed as

|Ψ̃(e)⟩MOB =

NMOB∑
a,b,...,c=1

C̃
(e)
ab...c|a⟩1|b⟩2 . . . |c⟩ηe , (80)

where C̃(e)
ab...c are the components of C̃(e)

I in the MOB.
Representing |Ψ̃(e)⟩MOB uses ηe⌈log(NMOB)⌉ qubits.

onb2mob can be implemented using the approach in

Appendix G of [55], which requires

Canc(onb2mob) = NMOB + 3⌈log(ηe + 1)⌉ (81)
CToff(onb2mob) = NMOB(2ηe + ⌈log(ηe + 1)⌉

+ ηe⌈log(NMOB)⌉ − 4). (82)

4. Antisymmetrization

We then define asym as the unitary that antisym-
metrizes the overall electronic state,

asym|a⟩1|b⟩2 · · · |c⟩ηe
=

1√
ηe!

∑
π∈Sηe

(−1)|π||π(a)⟩1|π(b)⟩2 · · · |π(c)⟩ηe , (83)

where Sηe
is the set of all permutations π of MO labels.

The resulting state is stored using np + 1 qubits per
electron, of which 1 qubit encodes the electron’s spin,
and the remaining np qubits encode the MOB.

After applying asym, the state is

|Ψ̃(e)⟩asym =
1√
ηe!

NMOB∑
a,b,...,c=1

∑
π∈Sηe

(−1)|π|C̃(e)
ab...c×

|π(a)⟩1|π(b)⟩2 · · · |π(c)⟩ηe
. (84)

Using the method based on sorting networks [29],
which improves on previous antisymmetrization algo-
rithms [56], asym can be implemented using

Canc(asym) = ηe log ηe +
1
4 n̄plog n̄p(1 + log n̄p)

+ 2(ηe − 1) (85)
CToff(asym) = 2(ηe − 1)(log n̄p + 1) +

1
4 n̄p log n̄p(1 + log n̄p)(6 log n̄p + np + 1), (86)

where n̄p = 2⌈log(np+1)⌉.

5. MOB to PWB transformation

The final step is to transform each register from the
MOB to the PWB. This transformation is achieved by
implementing the unitary [24]

W (e) = |0⟩⟨1| ⊗ V (e)
MPS + |1⟩⟨0| ⊗

(
V

(e)
MPS

)†
, (87)

where

V
(e)
MPS =

NMOB∑
a=1

|σa⟩|ϕ̂a⟩MPS ⟨a− 1|. (88)

Here, |σa⟩ encodes the spin state of the ath MO, and
|ϕ̂a⟩MPS are the MPS encodings of Section IIIA. The
spin states are mapped to qubits by

|α⟩ → |0⟩, |β⟩ → |1⟩. (89)
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When W (e) operates on an electron’s data register with
an ancilla set to |1⟩, it performs the transformation

W (e)|1⟩|a− 1⟩ = |1⟩|σa⟩|ϕ̂a⟩MPS, (90)

which gives the ath spin orbital in a PWB representa-
tion. To transform the entire electronic state, we apply
(W (e))⊗ηe , which applies W (e) to all ηe registers.

We can implement an approximation W̃ (e) to W (e)

using the unitary synthesis approach [46, 57], where
W̃ (e) is given as a product of reflections about the states∣∣∣w̃(e)

a

〉
=

1√
2

(
|1⟩|a− 1⟩ − |0⟩|σa⟩ | ˜̂ϕa⟩MPS

)
(91)

where | ˜̂ϕa⟩MPS is an approximation to |ϕ̂a⟩MPS. To pre-
pare |w̃(e)

a ⟩, we need a method to prepare the spin state
and spatial orbital. The spin state is trivially prepared
by applying a not gate to the spin register to prepare |β⟩,
and doing nothing to prepare |α⟩. The spatial orbital is
prepared using the MPS state preparation approach [28].
Then, W̃ (e) is given by

W̃ (e) =

NMOB∏
a=1

(
I − 2|w̃(e)

a ⟨w̃(e)
a |
)
. (92)

Explicit circuits to implement Eq. (92) are given in [24].
To implement (W̃ (e))⊗ηe (including the cost to prepare

|w̃(e)
a ⟩), we have

Canc((W̃
(e))⊗ηe) < NMOBnp +

1
2 log(m

(e)
aimax

)

+
2b

(e)
rot(m

(e)
aimax

)1/2

(b
(e)
rot + 1)1/2

+ 1
2 log(b

(e)
rot + 1) + 3b

(e)
rot, (93)

where m(e)
aimax

= max1≤i≤np m
(e)
ai , m(e)

ai is the bond di-
mension of the ith tensor of the MPS encoding of the
ath MO, and b(e)rot is the number of precision qubits used
by the rotation multiplexor subroutine during unitary
synthesis [24]. The number of Toffoli gates is bounded
by [24]

CToff((W̃
(e))⊗ηe) < ηeNMOBnp

+ 2ηe

NMOB∑
a=1

np∑
i=1

(
32(1 +

√
2)(b

(e)
rot + 1)

1
2m

(e)
ai

(
m̄

(e)
ai

) 1
2

+ (8b
(e)
rot − 15)m

(e)
ai log

(
2m̄

(e)
ai

))
, (94)

where, m̄(e)
ai is

m̄
(e)
ai = max

{
2

⌈
logm

(e)

a(i−1)

⌉
, 2

⌈
logm

(e)
ai

⌉}
, (95)

6. Error analysis

The unitary that prepares | ˜̂Ψ(e)⟩MPS is

Ũ
(e)
ISP = (W̃ (e))⊗3ηnasym onb2mob SoSlat(e)ãsp. (96)

The error ϵ(e)ISP of preparing | ˜̂Ψ(e)⟩MPS consists of two
terms [24],

ϵ
(e)
ISP ≤ ϵ

(e)
asp + 23/2ηe

NMOB∑
a=1

ϵ(e)a . (97)

The first term is the ASP error

ϵ
(e)
asp = D(|ψ⟩, |ψ̃⟩), (98)

with |ψ⟩ and |ψ̃⟩ defined in Eqs. (71) and (72), which is
bounded by [24]

ϵ
(e)
asp ≤ 2π 2−b

(e)
asp log(D(e)). (99)

The second is the error from (W̃ (e))⊗3ηn ,

ϵ(e)a = D
(
|ϕ̂a⟩, | ˜̂ϕa⟩MPS

)
≤ ϵ(e,c)a + ϵ(e,q)a , (100)

where ϵ
(e,c)
a results from MO preprocessing as given

in Section IIIA and ϵ
(e,q)
a results from unitary synthe-

sis [24],

ϵ(e,q)a = D
(
|ϕ̂a⟩MPS, | ˜̂ϕa⟩MPS

)
(101)

< 2
7
2−b

(e)
rot

np∑
i=1

m
(e)
ai log

(
2m̄

(e)
ai

)
. (102)

If |Ψ̂(e)⟩ is a single Slater determinant and the overlap
between |ϕ̂a⟩MPS and | ˜̂ϕa⟩MPS for a ̸= b is small, then
ϵ
(e)
ISP is upper bounded by [24]

ϵ
(e)
ISP ≤ ϵ

(e)
asp +

NMOB∑
a=1

ϵ(e)a . (103)

C. Nuclear ISP

We give a method to prepare |Ψ̂(n)⟩ in the Carte-
sian PWB. We show that |Ψ̂(n)⟩ can be prepared as a
linear combination of nuclear configurations in terms
of rescaled normal coordinates, then transformed into
the Cartesian PWB on the quantum computer. This is
useful because linear combinations of configurations are
straightforward to prepare using the unitary synthesis
approach used in Section IVB.

In our nuclear ISP, the size of the simulation grid
changes twice before we arrive at the final grid of size
N = 2np − 1 per dimension (specified in Section IVA).
Initially, we prepare |Ψ̂(n)⟩ as uncoupled normal coordi-
nates on a grid of size NISP = 2nISP , where

nISP =
⌈
log
(
max
i,µ

2⌈K(n)
iµ /∆⌉+ 1

)⌉
(104)

is set by the precision of the nuclear pre-processing
(Eq. (52)). When converting this state to Cartesian
coordinates using the normal-mode transformation, nu-
merical reasons given in Section IVC 3 require a larger
grid of N̄ISP = 2n̄ISP states, where n̄ISP = nISP + npad,
where the number npad of padding qubits is given in
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Section IVC3. To accommodate this larger grid, we
pre-allocate n̄ISP qubits per dimension at the outset of
the algorithm, and maintain them throughout. How-
ever, after the normal-mode transformation, there is
little amplitude in the exterior of the grid, and we show
that it can be neglected in subsequent time-evolution
with minimal error. This trimming of the exterior grid
produces the final grid of size N = 2np − 1.

1. Constructing U
(n)
ISP

|Ψ̂(n)⟩ can be prepared in the Cartesian PWB by

U
(n)
ISP = tc2sm⊗3ηn

n̄ISP
· nct · UPWB, (105)

where UPWB prepares a linear combinations of configu-
rations in terms of rescaled normal coordinates in the
PWB, nct implements a normal-coordinate transforma-
tion into Cartesian coordinates, and tc2sm⊗3ηn

n̄ISP
converts

integer grid points from the two’s-complement represen-
tation used in state preparation to the signed-magnitude
representation used in time propagation.

This decomposition is obtained by rewriting Ψ(n)(Q)
using the fact that Q = OM1/2(R−R(0)),

Ψ(n)(Q) = Ψ(n)(OM1/2R−OM1/2R(0)). (106)

Using an RQ decomposition [58], we rewrite OM1/2 as

OM1/2 = dSUŌ = dA, (107)

where A = SUŌ, d is a 3ηn × 3ηn diagonal matrix with
real, positive values and the same units as M1/2, SU is
a 3ηn × 3ηn shear (specifically, a unit upper-triangular
matrix), and Ō is a 3ηn× 3ηn orthogonal matrix. Equa-
tion (107) is the standard RQ decomposition, except
that we factored out a diagonal matrix d so that SU has
diagonal elements equal to one. We denote the rescaled
normal coordinates as Q̄ = d−1Q and note that

Q̄ = AR− R̄(0), where R̄(0) = AR(0), (108)

and Q̄, R, and R̄(0) all have units of length.
We use Ψ

(n)

Q̄
to denote the nuclear wavefunction given

in terms of Q̄ such that

Ψ
(n)

Q̄
(Q̄) = Ψ(n)(Q) = NdΨ

(n)(dQ̄) (109)

where Nd is a normalization constant given by Nd =
(
∏

i dii)
1/2. Importantly, we see that because Ψ(n)(Q) is

expressed as a linear combination of nuclear configura-
tions, Ψ(n)

Q̄
(Q̄) is also expressed as a linear combination

of nuclear configurations. We also define Ψ
(n)
R as the

nuclear wavefunction given in terms of R,

Ψ
(n)
R (R) = Ψ

(n)

Q̄
(AR− R̄(0)), (110)

which is normalized because det(A) = 1.
Next, we project both sides of Eq. (110) onto the

PWB. We use Ψ̂
(n)
R (kR) to denote Ψ

(n)
R (R) in the PWB,

where kR is the conjugate variable to R. To find the

PWB representation of Ψ̂(n)

Q̄
(AR− R̄(0)), we take the

Fourier transform of Ψ
(n)

Q̄
. Using properties of affine

transformations under Fourier transforms [59], we have

Ψ̂
(n)
R (kR) =

∫
dRφkR

Ψ
(n)

Q̄
(AR− R̄(0)) (111)

= e−ikR
⊤A−1R̄(0)

Ψ̂
(n)

Q̄
(A−⊤kR) (112)

= e−ikR
⊤R(0)

Ψ̂
(n)

Q̄
(A−⊤kR), (113)

where A−⊤ = (A−1)⊤, and

φkR
=
e−ik⊤

RR

L3ηn/2
. (114)

After mapping Ψ
(n)
R to the computational basis as in

Section III, we get

|Ψ̂(n)
R ⟩ =

∑
n∈Z3ηn

e−i∆n⊤R(0)

Ψ̂
(n)

Q̄
(∆A−⊤n)|n⟩, (115)

where ∆ = 2π/L and kR = ∆n.
We can now more precisely define the unitaries in

Eq. (105). UPWB prepares a normal-coordinate PWB
representation of the nuclear state,

UPWB|0⟩ = |Ψ̂(n)

Q̄
⟩ =

∑
n∈Z3ηn

Ψ̂
(n)

Q̄
(∆n)|n⟩. (116)

Then, nct transforms the normal coordinates to Carte-
sian coordinates, taking |Ψ̂(n)

Q̄
⟩ and preparing |Ψ̂(n)

R ⟩,

nct|Ψ̂(n)

Q̄
⟩ =

∑
n∈Z3ηn

e−i∆n⊤R(0)

Ψ̂
(n)

Q̄
(∆A−⊤n)|n⟩.

(117)
We further decompose nct = pk · UA−⊤ , where UA−⊤

linearly transforms the wavefunction coordinates and
the phase kickback pk applies the phase e−i∆n⊤R(0)

.
Overall,

U
(n)
ISP = tc2sm⊗3ηn

n̄ISP
· pk · UA−⊤ · UPWB. (118)

2. Implementing UPWB

UPWB prepares |Ψ̂(n)

Q̄
⟩ in three steps,

UPWB =W (n) · onb2smb · asp(n). (119)

An arbitrary state in the ONB is prepared by asp(n),
which is first transformed to the SMB by onb2smb and
then to the PWB by W (n). Because |Ψ̂(n)

Q̄
⟩ consists of

a linear combination of configurations, we can prepare
an approximation | ˜̂Ψ(n)

Q̄
⟩MPS using the approach from

Section IV B that prepares an approximation to |Ψ̂(e)⟩.
As we did for electronic ISP, we begin by using arbi-

trary state preparation to prepare the state

asp(n)|0⟩ = |ψ⟩ =
D(n)−1∑

i=0

C
(n)
i |i⟩, (120)
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where asp(n) is a unitary that implements arbitrary
state preparation, C(n)

i is the ith coefficient of the set
C

(n)
J , and D(n) is the number of nuclear configurations.

Using the method described in [46], we prepare the
approximate state

ãsp(n)|0⟩ = |ψ̃⟩ =
D(n)−1∑

i=0

C̃
(n)
i |i⟩, (121)

where C̃(n)
i is an approximation to C

(n)
i produced by

ãsp(n). The resources needed for ãsp(n) are the same as
in Eqs. (73) and (74), but with D(e) replaced by D(n).
Representing |ψ̃⟩ uses ⌈log(D(n))⌉ qubits.

Let |Ψ̃(n)

Q̄
⟩ONB denote the approximate ONB represen-

tation of |Ψ(n)

Q̄
⟩,

|Ψ̃(n)

Q̄
⟩ONB =

∑
J

C̃
(n)
J |J⟩, (122)

where the index J is defined in Section II B. Because Ψ(n)

Q̄

is related to Ψ(n) by a rescaling of Q and a normalization
constant, the two states have the same coefficients CJ .

We prepare |Ψ̃(n)

Q̄
⟩ONB using the SoSlat method as in

Section IV B:

SoSlat(n)|ψ̃⟩ = |Ψ̃(n)

Q̄
⟩ONB. (123)

Representing this state uses NvibNSMB qubits. The
resources needed to implement SoSlat(n) are:

Canc(SoSlat
(n)) = 5 logD(n) − 3 (124)

CToff(SoSlat
(n)) ≤ D(n)(2 logD(n) + 3). (125)

Next, we transform the ONB to the SMB using a
unitary onb2smb that acts on ONB states as

onb2smb|J⟩ = |µ⟩1|ν⟩2 . . . |τ⟩Nvib
, (126)

where the right-hand side is given in the SMB and |µ⟩i
indicates, in binary, that the ith normal coordinate is in
the µth SM. The SMB consists of Nvib registers, each
containing ⌈logNSMB⌉ qubits. After the transformation,
the vibrational state is

|Ψ̃(n)

Q̄
⟩SMB=

NSMB−1∑
µ,ν,...,τ=0

C̃(n)
µν...τ |µ⟩1|ν⟩2 . . . |τ⟩Nvib

. (127)

Representing |Ψ̃(n)

Q̄
⟩SMB uses Nvib⌈logNSMB⌉ qubits.

We can implement onb2smb using the approach used
in Section IVB to implement onb2mob, requiring

Canc(onb2smb) = NSMB + 3 (128)
CToff(onb2smb) = NvibNSMB (⌈logNSMB⌉ − 2) .

(129)

The final step is to transform from the SMB to the
normal-coordinate PWB. We let Φiµ,Q̄ denote the SMs
corresponding to Ψ

(n)

Q̄
and |Φ̂iµ,Q̄⟩MPS the corresponding

preprocessed state. As discussed in Section III B, given

Φiµ, Φiµ,Q̄ is easily found by performing the substitution
ωi → d2iiωi for all Hermite-Gaussian primitives, where,
dij are the elements of d. The resource requirements
for preprocessing an SM with rescaled coordinates are
described at the end of Section III B.

To convert from the SMB to the MPS encoding of the
PWB, we construct the unitary

W
(n)
i = |0⟩⟨1| ⊗ V (n)

i + |1⟩⟨0| ⊗
(
V

(n)
i

)† (130)

for the ith normal coordinate, where

V
(n)
i =

NSMB−1∑
µ=0

|Φ̂iµ,Q̄⟩MPS⟨µ|i (131)

acts on nISP qubits. When i = {3ηn−5, 3ηn−4, . . . , 3ηn},
Φ̂iµ,Q̄ denotes a rotational or translational state, in
which case NSMB = 1. We implement an approximation
W̃

(n)
i to W (n)

i by defining |w̃(n)
µ ⟩i given by∣∣w̃(n)

µ

〉
i
=

1√
2

(
|1⟩|µ⟩ − |0⟩| ˜̂Φiµ,Q̄⟩MPS

)
, (132)

where | ˜̂Φiµ,Q̄⟩MPS is an approximation to |Φ̂iµ,Q̄⟩MPS

and is prepared using the approach from [28]. Then,
W̃

(n)
i can be synthesized as a product of reflections using

the approach from Section IV B,

W̃
(n)
i =

NSMB−1∏
µ=0

(
I − 2

∣∣w̃(n)
µ

〉〈
w̃(n)

µ

∣∣
i

)
. (133)

We define

W̃ (n) =

3ηn⊗
i=1

W̃
(n)
i . (134)

Then, | ˜̂Ψ(n)

Q̄
⟩MPS is produced by performing

W̃ (n)|1⟩|Ψ̃(n)

Q̄
⟩SMB = |0⟩| ˜̂Ψ(n)

Q̄
⟩MPS =

|0⟩
NSMB−1∑
µ,...,τ=0

C̃(n)
µ...τ | ˜̂Φ1µ,Q̄⟩MPS · · · | ˜̂ΦNvibτ,Q̄⟩MPS. (135)

The ancilla qubit can be reused throughout by resetting
it to |1⟩ after each W̃ (n)

i is applied.

Implementing W̃ (n) requires

Canc(W̃
(n)) ≤ 1

2 log(m
(n)
iµjmax

) +
2b

(n)
rot (m

(n)
iµjmax

)1/2

(b
(n)
rot + 1)1/2

+ 1
2 log(b

(n)
rot + 1) + 3b

(n)
rot (136)

ancilla qubits, where b
(n)
rot is the number of precision

qubits, m(n)
iµj is the bond dimension of the jth tensor of

the µth state of the ith normal coordinate, and

m
(n)
iµjmax

= max
1≤j≤np

m
(n)
iµj . (137)
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We assume that Canc(W̃
(n)) > np−2, so that the ancillas

can be reused when implementing the multi-controlled-
not gates of the reflection operators. Further, we reuse
the ancillas for each W̃ (n)

i , meaning that the number of
ancillas is independent of system size.

The Toffoli cost to implement each W̃ (n)
i is [24]

CToff(W̃
(n)
i ) < NSMBnISP

+2

NSMB−1∑
µ=0

nISP∑
j=1

(
32(1+

√
2)(b

(n)
rot +1)1/2m

(n)
iµj

(
m̄

(n)
iµj

)1/2
+ (8b

(n)
rot − 15)m

(n)
iµj log

(
2m̄

(n)
iµj

))
, (138)

where

m̄
(n)
iµj = max

{
2

⌈
logm

(n)

iµ(j−1)

⌉
, 2

⌈
logm

(n)
iµj

⌉}
. (139)

The total cost to implement W̃ (n) is then

CToff(W̃
(n)) =

3ηn∑
i=1

CToff(W̃
(n)
i ). (140)

3. Coordinate transformation UA−⊤

Implementing UA−⊤ allows us to perform normal-
coordinate transformations which enable a wide vari-
ety of nuclear initial states to be prepared. Previous
algorithms for normal-coordinate transformations are
inefficient, scaling as O(N), and lack error bounds [22].
We develop a new, efficient algorithm that performs
linear coordinate transformations (LCT) on a quantum
computer with Toffoli cost O(η2n log2N).

Our LCT algorithm, Ulct
A−⊤ , implements arbitrary in-

vertible transformations y = Tx, where, for nuclear
ISP, we set T = A−⊤. It is based on a subroutine
for performing shearing transformations [60, 61], along
with reflections and rotations by ±π/2. We assume that
|det(T)| = 1; if not, we first express T as in Eq. (107)
and rescale the coordinates accordingly.

For the important case where the initial nuclear state
is a multivariate Gaussian, we provide two approaches
to implement UA−⊤ and prove error bounds on both.
The first approach uses our LCT algorithm, with the
error ϵLCT from approximately preparing Ulct

A−⊤ being
ϵLCT = O(η2n∆). Alternatively, a multivariate Gaussian
can be prepared using a single-shear coordinate trans-
formation (SSCT), which requires a single application
of the shearing-transformation subroutine [60, 61]. We
denote this approach by U ssct

A−⊤ and prove that the error
from approximating U ssct

A−⊤ is only ϵSSCT = O(η1/2n ∆).
For both approaches, we prove a lower bound on npad
that ensures the nuclear wavefunction remains on the
grid while UA−⊤ is implemented.

a. Linear coordinate transformation. Our goal is,
given a state

|g⟩ = 1

NISP

∑
n∈B̄ISP

g(∆n)|n⟩, (141)

where, B̄ISP = [− 1
2N̄ISP,

1
2N̄ISP − 1]3ηn ∩ Z3ηn , NISP is

a normalization constant and g(∆n) = 0 if ∥n∥∞ >
NISP/2, to transforms |g⟩ into

1

NISP

∑
n∈B̄ISP

g(∆Tn)|n⟩, (142)

where the normalization is preserved because |det(T)| =
1. Rather than transform the argument of the ampli-
tudes, g(∆n)→ g(∆Tn), our approach is, equivalently,
to construct a unitary that approximately transforms
each computational basis state, |n⟩ → |T−1n⟩, as accu-
rately as possible when working on a grid. For a matrix
C, we use the notation

|Cn⟩ = |[Cn]1⟩ . . . |[Cn]3ηn
⟩, (143)

where [·]i is the ith element of the enclosed vector.
To begin, we perform a QL decomposition to get

T−1 = XL, where X is an orthogonal matrix and L is a
lower shear (unit lower-triangular matrix),

L =


1 0 · · · 0

b21 1 · · · 0
...

...
. . .

...

b3ηn1 b3ηn2 · · · 1

 , (144)

with bij ∈ R. In principle, any variation of the QR
decomposition can be used; we use the QL decomposition
to align with our eventual implementation of UA−⊤ . We
also require det(X) = 1; if it does not, we first multiply
it by the reflection Y = diag(det(X), 1, 1, . . . , 1).

We then decompose X into a product of NG =
3ηn(3ηn − 1)/2 Givens rotations [58],

X =
∏

(i,j)∈G
G(i, j, θij), (145)

where G is a set containing NG pairs of indices and
G(i, j, θij) is a Givens rotation by angle θij ∈ [−π, π) in
a plane spanned by the indices i and j,

G(i, j, θij) =



1 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · cii · · · sij · · · 0
...

...
. . .

...
...

0 · · · −sji · · · cjj · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 1


, (146)

with cij = cos(θij), sij = sin(θij), and θij ∈ [−π, π),
which are found by performing a Givens decomposition
on a classical computer [58].

Next, each Givens rotation is decomposed into a prod-
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B̄ISP

BISP

(c)(b)(a)

Figure 3. Eliminating modular-addition error by padding the grid BISP. (a) Computational basis states |n⟩ are represented
by grid points. Wavefunction |g⟩ (blue contours) is supported by grid points in BISP (blue square). Padding qubits expand
the grid to B̄ISP. The padded state |g⟩ has non-zero amplitude within B̄ISP and is zero outside it. (b) Applying the shear
US to |g⟩, with transformed grid points shown in red. We choose npad sufficiently large that grid points in BISP remain
within B̄ISP after the transformation. (c) Performing cmod N̄ISP/2 leaves grid points in the blue rhombus unchanged while
those outside it are wrapped around to the opposite edge of the grid (purple regions). Because these grid points have zero
amplitude, their wrapping around does not contribute an error.

uct of three shears. To avoid complications that arise
when |θij | > π/2, we first reduce the angle of the Givens
rotations to φij ∈ [−π

2 ,
π
2 ) by writing

G(i, j, θij) = G(i, j, φij)J(i, j, θij), (147)

where φij = θij − π
2hij sgn θij , hij = H(|θij | − π

2 ),
H(·) is the Heaviside function, and J(i, j, θij) =
G(i, j, π2 sgn θij)

hij . Thus, J(i, j, θij) is a rotation by
±π/2 in the ij plane when hij = 1 and the identity
otherwise.

Then, G(i, j, φij) can be safely decomposed into a
product of three 2D shears [62],

G(i, j, φij) = S1(i, j, φij)S2(i, j, φij)S1(i, j, φij), (148)

where

S1(i, j, φij) = I+ tijE(i, j), tij = tan(φij/2) (149)
S2(i, j, φij) = I− sjiE(i, j), sij = sin(φij). (150)

Here, I is the 3ηn-dimensional identity matrix, and
E(i, j) has only one non-zero matrix element, Ekl(i, j) =
δikδkl. We refer to S1 and S2 as 2D shears because they
operate within 2D planes spanned by the indices i and j,
as opposed to L, which operates on all 3ηn coordinates.

The LCT algorithm is thus the sequence of unitaries

Ulct
A−⊤ = UY

( ∏
(i,j)∈G

US1(i,j,φij)

× US2(i,j,φij)US1(i,j,φij)UJ(i,j,θij)

)
UL, (151)

where UY and UJ(i,j,θij) implement Y and J(i, j, θij),

UY|n⟩ = |Yn⟩ (152)
UJ(i,j,θij)|n⟩ = |J(i, j, θij)n⟩, (153)

and remaining unitaries implement shears.
Shears are performed in-place using an iterative algo-

rithm [61]. In-place means that the data register of the
initial state is directly transformed into the final state
without requiring the initial state to be copied. A lower
shear with elements bij is implemented by performing

|ni⟩ ←
∣∣∣∣ i∑
j=1

bijnj

〉
(154)

first for i = 3ηn and then sequentially down to i = 1. In
doing so, the ith register is overwritten at the ith step.
For an upper shear, we iteratively perform

|ni⟩ ←
∣∣∣∣ 3ηn∑
j=i

bijnj

〉
, (155)

starting with i = 1 and going up to i = 3ηn.

A general shear S cannot be exactly implemented
on an integer lattice using the approach above because
Sn is not necessarily a grid point of B̄ISP, since it can
be outside of B̄ISP or not integer valued. Instead, we
implement an approximation to S,

ŨS|n⟩ = |S(n)⟩, (156)

where S : B̄ISP → B̄ISP is a bijection. When S is a lower
shear, the components of the transformed state |S(n)⟩
are given by iteratively performing

|ni⟩ ←

∣∣∣∣∣∣R
((

i∑
j=1

bijnj

)
cmod N̄ISP/2

)〉
, (157)

where the centered modulo function is defined by

y cmodM = ((y +M) mod (2M))−M, (158)

and R(·) rounds each vector component to the nearest
integer. The transformation starts with i = 3ηn, and
i is decremented after each iteration until i = 1. For
an upper shear, the transformation iterates from i = 1
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to i = 3ηn. At each iteration, Eq. (157) is performed,
except that the summation runs from j = i to 3ηn.

Importantly, S is invertible. For a lower shear, the
state |S−1(n)⟩ is given iteratively, incrementing i from
1 to 3ηn. For i = 1, |n1⟩ ← |n1⟩. Thereafter,

|ni⟩ ←

∣∣∣∣∣∣ni ⊕R
((
−

i−1∑
j=1

bijnj

)
cmod N̄ISP/2

)〉
,

(159)
where ai ⊕ aj = (ai ⊕ aj) cmod N̄ISP/2. The inverse
of an upper shear is also given by an iterative pro-
cedure, running from i = 3ηn down to i = 1. For
i = 3ηn, |n3ηn

⟩ ← |n3ηn
⟩. The following iterations per-

form Eq. (159), except that the summation runs from
j = i+ 1 to 3ηn for an upper shear.

Therefore, we approximate Ulct
A−⊤ as

Ũlct
A−⊤ = UY

( ∏
(i,j)∈G

ŨS1(i,j,φij)

× ŨS2(i,j,φij)ŨS1(i,j,φij)UJ(i,j,θij)

)
ŨL, (160)

where each shearing unitary US is replaced by the ap-
propriate ŨS. Using ŨS deals with both problems with
shears on a grid, ensuring that S(n) ∈ B̄ISP. First, cmod
wraps points that would be mapped off the simulation
grid back onto its opposite edge. Second, rounding en-
sures that each transformed grid point is an integer
vector. An explicit algorithm to implement Ũlct

A−⊤ is
given in Appendix C 1.

At the beginning of Section IV C, we padded the grid
BISP = [−NISP/2, NISP/2− 1]3ηn ∩Z3ηn with additional
qubits to create a larger grid B̄ISP. This padding was nec-
essary because modular addition can introduce errors by
mapping vectors with ∥Sn∥∞ > NISP/2 to the opposite
edge of the grid (see Fig. 3). Therefore, we choose B̄ISP
to be large enough that all grid points ∥n∥∞ < NISP/2

remain within B̄ISP during every step of Ũlct
A−⊤ . Because

g(∆n) = 0 if ∥n∥∞ > NISP/2, no error is introduced
if these points are mapped to the opposite edge. In
Appendix C 2, we show that this requirement is met if

npad ≥
⌈
log
(
1.619

√
3ηn(NISP∥L∥∞ + β) + 1

)⌉
−nISP,

(161)
where β = 18η2n−6ηn+1 is the total number of unitaries
in Eq. (151), not counting UL.

On B̄ISP, each approximate shear ŨS acts with a con-
trollable error that can be decreased by reducing ∆. We
define the ideal state transformed by S as

|gideal⟩ =
1

NISP

∑
n∈B̄ISP

g(∆S−1n)|n⟩, (162)

and write the approximate state as

ŨS|g⟩ =
1

NISP

∑
m∈B̄ISP

g(∆m)|S(m)⟩ (163)

=
1

NISP

∑
n∈B̄ISP

g(∆S−1(n))|n⟩, (164)

where n = S(m). In Appendix C3, we show that
S−1(n) = S−1n− S−1δ, where δ is a vector of residual
components that are rounded off in Eq. (159). Therefore,
the argument of g of the approximate state differs from
that of the ideal state by ∆S−1δ, meaning that the
approximate state approaches the ideal state as ∆→ 0.

Therefore, the LCT procedure determines the grid
spacing ∆. The error from implementing Ũlct

A−⊤ is

ϵLCT = D(Ũlct
A−⊤ |g⟩, Ulct

A−⊤ |g⟩). (165)

When |g⟩ is a separable multivariate Gaussian, we upper
bound ϵLCT in Appendix C 3, which is asymptotically

ϵLCT = O(η2n∆). (166)

Equation (166) therefore determines ∆ as

∆ = O(ϵLCT/η
2
n). (167)

We show in Appendix C 1 that the resources needed
to implement Ũlct

A−⊤ are

Canc(Ũ
lct
A−⊤) = 4n̄ISP − 3 (168)

CToff(Ũ
lct
A−⊤) = 9

2η
2
n(8n̄

2
ISP + 39n̄ISP − 8)− n̄ISP

− 3
2ηn(8n̄

2
ISP + 35n̄ISP − 8). (169)

In the specific case of T = A−⊤, we can give ex-
pressions for the shears above in terms of the matrices
introduced in Section IVC1. Because A = SUŌ, we
have A⊤ = Ō⊤SL, where SL = S⊤

U and Ō⊤ is an or-
thogonal transformation. Ũlct

A−⊤ is then given by setting
L = SL and X = Ō⊤.

b. Single-shear coordinate transformation. Multi-
variate Gaussian initial states can also be prepared using
an SSCT [60, 61].

For a multivariate Gaussian wavefunction,

Ψ̂
(n)

Q̄
(∆A−⊤n) ∝ e−∆2n⊤Λn/2, (170)

where Λ = A−1W−1A−⊤ and W = diag(ω2
1 , . . . , ω

2
3ηn

),
the Cholesky decomposition Λ = LDChL

⊤ gives a shear
L and a diagonal matrix DCh. This yields

Ψ̂
(n)

Q̄
(∆A−⊤n) = Ψ̂

(n)′

Q̄
(∆L⊤n), (171)

where Ψ̂(n)′

Q̄
(∆n) ∝ e−∆n⊤DChn is a product state of 3ηn

independent Gaussians.

An approximation to Ψ̂
(n)′

Q̄
(∆L⊤n) can be prepared

using a single application of ŨS given in Eq. (156). First,
the state

|Ψ̂(n)′

Q̄
⟩ =

∑
n∈BISP

Ψ̂
(n)′

Q̄
(∆n)|n⟩ (172)

is prepared on the quantum computer. Then, the trans-
formation |n⟩ → |L−⊤n⟩ = ŨS|n⟩ is achieved with an
application of ŨS with S = L−⊤. Therefore, the approx-
imate SSCT unitary is simply Ũ ssct

A−⊤ = ŨS.
When using the SSCT approach, the number of
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padding qubits needed is (see Appendix C 2)

npad ≥ ⌈log(NISP∥L−⊤∥∞ + 1)⌉. (173)

The resources needed to implement Ũ ssct
A−⊤ are

Canc(Ũ
ssct
A−⊤) =4n̄ISP − 3 (174)

CToff(Ũ
ssct
A−⊤) =9η2n(n̄

2
ISP + 4n̄ISP − 1) (175)

− 3ηn(n̄
2
ISP + 2n̄ISP − 1)− 2n̄ISP.

(176)

The SSCT error

ϵSSCT = D(Ũ ssct
A−⊤ |g⟩, U ssct

A−⊤ |g⟩) (177)

results from approximating a single shearing transfor-
mation. Lemma 4 immediately establishes

ϵSSCT ≤ 21/2
(
1− e−∆23ηnλmax(Λ

′)
)1/2

= O(η1/2n ∆),

(178)
where λmax(·) is the largest eigenvalue of the input ma-
trix, Λ′ = S−⊤Σ′S−1, and Σ′ is a diagonal matrix with
positive entries that defines the Gaussian state. There-
fore, the SSCT method allows the use of a larger ∆ than
the LCT method,

∆ = O
(
ϵSSCT/η

1/2
n

)
. (179)

4. Phase kickback pk

The action of the phase-kickback unitary pk is [63]

pk|n⟩ = e−i∆n⊤R(0) |n⟩. (180)

To perform an approximate PK, denoted p̃k, we use
the implementation [64] in which a repeat-until-success
(RUS) circuit synthesizes the Z rotations [65]. A circuit
for p̃k is provided in Appendix D, along with a resource
analysis that shows that

Canc(p̃k) = 4bgrad + 2n̄ISP − 1, (181)
CToff(p̃k) =3ηn(4n̄ISPbgrad + bgrad − 2n̄ISP)

+ bgrad(1.149(log(bgradϵ
−1
PK)) + 9.2)/4

(182)

where bgrad is the number of qubits used to construct a
phase-gradient state and ϵPK is the target PK error.

5. Integer conversion

We convert from the two’s-complement representation
to the signed-magnitude representation, which is used
during time evolution. In the signed-magnitude repre-
sentation, we do not use the plane wave corresponding to
−0, giving a simulation grid with one fewer grid point per
dimension, B̄ISP →

[
− 1

2 (N̄ISP − 1), 12 (N̄ISP − 1)
]3 ∩ Z3.

We implement the conversion using the unitary
tc2smn which acts on n-bit integers following the stan-
dard two-step procedure. First, if the leading bit is 1,

we invert the remaining bits using n− 1 cnots, which
require no Toffoli gates. Second, we add the leading
bit to the remaining bits, discarding the carry-out bit.
This addition can be achieved using a ripple-carry adder
with n− 2 Toffoli gates and n− 2 ancillas. For all 3ηn
registers, this requires

Canc(tc2sm⊗3ηn
n̄ISP

) = n̄ISP − 2 (183)

CToff(tc2sm⊗3ηn
n̄ISP

) = 3ηn(n̄ISP − 2). (184)

6. Grid trimming

To reduce the cost of subsequent time evolution, we
trim the prepared state on the padded grid by removing
grid points on the exterior of the grid, which have negli-
gible or zero amplitude. Doing so reduces the padded
grid B̄ISP to the interior grid G = [− 1

2 (N − 1), 12 (N −
1)]3ηn ∩ Z3ηn , whose size is set by the grid size N deter-
mined in Section IV A. G is the grid that time evolution
is performed on.

Trimming could be done by discarding the qubits that
represent the exterior of the grid or, in architectures
where there is a cost to mid-circuit measurement and
re-initialization, these qubits can be kept, but not acted
on by the subsequent time-evolution subroutines. We
follow the latter approach in our resource estimates.

For any state |Ψ̂⟩, the error that results from this
approximation is

ϵtrim = D(|Ψ̂⟩int, |Ψ̂⟩) =
√

1−N 2
int, (185)

where |Ψ̂int⟩ = Πint|Ψ̂⟩/Nint, Πint = I(e) ⊗∑
n∈Bint

|n⟩⟨n| is the projection onto the interior grid,

and the normalization is Nint =

√
|⟨Ψ̂|Πint|Ψ̂⟩|.

In resource estimation, we estimate ϵtrim using a
Monte Carlo calculation to estimate p = N 2

int, which
is the probability that a grid point n ∈ B̄ISP sampled
from the distribution |Ψ̂n|2 is within Bint. We obtain
the estimate p̂ = Nint/NMC by numerically sampling
NMC points from this distribution and determining the
number Nint within Bint.

For the molecules in Section VIII, p̂ is very close to 1.
To estimate the uncertainty in p̂, we use a one-sided
confidence interval, i.e., we are 1 − α confident that
p ≥ α1/NMC [66]. This in turn allows us to be 1 − α
confident that

ϵtrim ≤
√
1− α1/NMC . (186)

7. Error analysis

Overall, our nuclear-ISP unitary is

Ũ
(n)
ISP = tc2sm⊗3ηn

n̄ISP
p̃k ŨA−⊤W̃ (n)

· onb2smb SoSlat(n)ãsp(n)
. (187)

In Appendix E, we show that the error ϵ(n)ISP from the
approximations in Ũ

(n)
ISP is bounded by a sum of seven
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contributions,

ϵ
(n)
ISP ≤ ϵ

(n)
asp + 23/2

3ηn∑
i=1

NSMB−1∑
µ=0

(ϵ
(n,c)
iµ + ϵ

(n,q)
iµ )

+ ϵshear + ϵortho + ϵpk + ϵtrim. (188)

The first error contribution is the arbitrary-state-
preparation error

ϵ
(n)
asp = D(|ψ⟩, |ψ̃⟩), (189)

where |ψ⟩ and |ψ̃⟩ are defined in Eqs. (120) and (121).
It is bounded by [24]

ϵ
(n)
asp ≤ 2π 2−b

(n)
asp log(D(n)). (190)

The next two contributions, ϵ(n,c)iµ and ϵ
(n,q)
iµ , result

from W̃ (n) and are analogous to ϵ(e,c)iµ and ϵ(e,q)iµ because
they result from projecting each SM onto a PWB and
then encoding it as an MPS. ϵ(n,c)iµ is defined in Eq. (56)
and ϵ(n,q)iµ is

ϵ
(n,q)
iµ = D

(
|Φ̂iµ,Q̄⟩MPS, | ˜̂Φiµ,Q̄⟩MPS

)
. (191)

In Appendix E, we show that

ϵ
(n,q)
iµ < 2

7
2−b

(n)
rot

nISP∑
i=j

m
(n)
iµj log(2m̄

(n)
iµj). (192)

The errors ϵshear and ϵortho come from approximately
performing a coordinate transformation using Ũlct

A−⊤ .
We define the shearing error as

ϵshear = D
(
USL
| ˜̂Ψ(n)

Q̄
⟩, ŨSL

| ˜̂Ψ(n)

Q̄
⟩
)
, (193)

where | ˜̂Ψ(n)

Q̄
⟩ is the state that results from projecting

|Ψ̂(n)

Q̄
⟩ onto a finite PWB (see Appendix C3). In Ap-

pendix C 3, we prove Lemma 4, which shows that for a
Gaussian initial state,

ϵshear ≤ 21/2
(
1− e−∆23ηnλmax(Λ

′)
)1/2

. (194)

The orthogonal transformation error is

ϵortho = D
(
UŌ⊤USL

| ˜̂Ψ(n)

Q̄
⟩, ŨŌ⊤USL

| ˜̂Ψ(n)

Q̄
⟩
)
. (195)

We show in Appendix C 3 that

ϵortho ≤
β∑

l=1

ϵ
(2D−shear)
l , (196)

where ϵ(2D−shear)
l is the error of performing the lth uni-

tary in the decomposition of ŨŌ⊤ , defined in Eq. (C59).
We call this error the 2D-shearing error because it is
non-zero only for 2D shears, since reflections and ±π/2-
rotations can be implemented exactly. Lemma 5 of

Appendix C 3 shows that for a Gaussian initial state,

ϵ
(2D−shear)
P ≤ 21/2

(
1− e−∆2[Λ′

P ]kP ,kP

)1/2
, (197)

where kP = index(FP ), FP represents the P th sequen-
tial unitary in the decomposition of ŨŌ⊤ ,

index(FP ) =

{
i, if FP = S1(i, j, φij)

j, if FP = S2(i, j, φij),
(198)

Λ′
P = (F̄P )

⊤S−⊤
L Σ′S−1

L F̄P , and F̄P =
∏0

l=P F−1
l .

The phase-kickback error ϵpk, given in Eq. (D11),
can be made very small because the cost of doing so,
CToff(p̃k) ∼ bgrad log(ϵ−1

PK), is logarithmic in ϵ−1
PK.

Finally, the trimming error obeys Eq. (185),

ϵtrim ≤
√
1−N 2

int. (199)

D. Separable ISP

Overall, we can prepare any separable initial state to
within a controllable error by approximating U (sep)

ISP as

Ũ
(sep)
ISP = Ũ

(e)
ISPŨ

(n)
ISP. (200)

The resources needed are

Canc(Ũ
(sep)
ISP ) = max

{
Canc(Ũ

(e)
ISP), Canc(Ũ

(n)
ISP)

}
(201)

CToff(Ũ
(sep)
ISP ) = CToff(Ũ

(e)
ISP) + CToff(Ũ

(n)
ISP), (202)

where Canc is the maximum total of all ancilla qubits
used at any step of the ISP. The components are

Canc(Ũ
(e)
ISP) = max

{
Canc(ãsp(e)

), Canc(SoSlat
(e)),

Canc(onb2mob), Canc(asym),

Canc((W̃
(e))⊗ηe)

}
(203)

CToff(Ũ
(e)
ISP) = CToff(ãsp(e)

) + CToff(SoSlat
(e))

+ CToff(onb2mob) + CToff(asym)

+ CToff((W̃
(e))⊗ηe), (204)

Canc(Ũ
(n)
ISP) = 3ηnnext +max

{
Canc(ãsp(n)

),

Canc(SoSlat
(n)), Canc(onb2smb),

Canc(W̃
(n)), Canc(ŨA−⊤),

Canc(p̃k), Canc(tc2sm)
}

(205)

CToff(Ũ
(n)
ISP) = CToff(ãsp(n)

) + CToff(SoSlat
(n))

+ CToff(onb2smb) + CToff(W̃
(n))

+ CToff(ŨA−⊤)CToff(p̃k)

+ CToff(tc2sm⊗3ηn
n̄ISP

), (206)

where next = n̄ISP − np.
The error from approximately preparing a separable

initial state with Ũ (sep)
ISP is

ϵ
(sep)
ISP = D

(
|Ψ̂(e)⟩MPS|Ψ̂(n)⟩MPS, | ˜̂Ψ(e)⟩MPS| ˜̂Ψ(n)⟩MPS

)
.

(207)
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Using the triangle inequality,

ϵ
(sep)
ISP ≤ ϵ

(e)
ISP + ϵ

(n)
ISP, (208)

which is bounded by the sum of Eqs. (103) and (188).

E. Non-separable ISP

Non-separable states can be prepared by extending
the approach for separable states. The main difference
is that, instead of initially preparing a product of ONB
electronic and nuclear states, we prepare a single ONB
state with entangled electronic and nuclear states.

It is helpful to express Ψ using a collective index
K = (I, J) formed by the concatenation of I and J ,
the collective indices that specify electronic and nu-
clear configurations, respectively. K therefore contains
NMOB +NvibNSMB elements. In terms of K, Eq. (3) is

Ψ =
∑
K

C
(en)
K ψ

(en)
K , (209)

where ψ(en)
K = ψ

(e)
I ψ

(n)
J . We assume that the set of C(en)

K

contains D(en) non-zero coefficients.
To begin, we use arbitrary state preparation to prepare

asp(en)|0⟩ = |ψ⟩ =
∑
i

C
(en)
i |i⟩, (210)

where C(en)
i is the ith non-zero coefficient of the set

{C(en)
K }, and asp(en) is the arbitrary-state-preparation

unitary. As for separable ISP, we implement an approx-
imate unitary ãsp(en) such that

ãsp(en)|0⟩ = |ψ̃⟩ =
∑
i

C̃
(en)
i |i⟩, (211)

where C̃(en)
i is an approximation to C(en)

i . Using b(en)asp
precision qubits, the resources needed to implement
ãsp(en) are the same as in Eqs. (73) and (74) with D(e)

and b(e)asp replaced by D(en) and b(en)asp , respectively.
Next, we convert to an approximate ONB representa-

tion of |Ψ⟩,

|Ψ̃⟩ONB =
∑
K

C̃
(en)
K |K⟩ (212)

=
∑
I,J

C̃IJ |I⟩|J⟩. (213)

We prepare |Ψ̃⟩ONB using the SoSlat unitary SoSlat(en),

SoSlat(en)|ψ̃⟩ = |Ψ̃⟩ONB (214)

using

Canc(SoSlat
(en)) = 5 logD(en) − 3 (215)

CToff(SoSlat
(en)) ≤ D(en)(2 logD(en) + 3). (216)

From here, the remaining ISP steps are the same as
for preparing the electronic and nuclear states separably.

The non-separable ISP unitary is

ŨISP = (Ũ
(e)′

ISP ⊗ Ũ
(n)′

ISP )
(
SoSlat(en)ãsp(en))

, (217)

where

Ũ
(e)′

ISP = (W̃ (e))⊗3ηeasym onb2mob (218)

Ũ
(n)′

ISP = tc2sm⊗3ηn
n̄ISP

p̃k ŨA−⊤ W̃ (n)onb2smb. (219)

The resources needed to implement ŨISP are

Canc(ŨISP) = max
{
Canc(Ũ

(e)′), Canc(Ũ
(n)′),

Canc(ãsp(en)
), Canc(SoSlat

(en))
}

(220)

CToff(ŨISP) = CToff(Ũ
(e)′

ISP ) + CToff(Ũ
(n)′

ISP )

+ CToff(ãsp(en)
) + CToff(SoSlat

(en)).
(221)

Therefore, preparing a non-separable state costs more
than a separable one by only the small additive term
CToff(ãsp(en)

) + CToff(SoSlat
(en)).

The error from using ŨISP consists of seven terms. In
Appendix E, we show that

ϵISP ≤ ϵ(en)asp + ϵtrim + 23/2ηe

NMOB∑
a=1

ϵ(e)a

+ 23/2
3ηn∑
i=1

NSMB−1∑
µ=0

(
ϵ
(n,c)
iµ + ϵ

(n,q)
iµ

)
+
∑
I,J

|CIJ |
(
ϵ′shear + ϵ′ortho + ϵ′pk

)
, (222)

where ϵ(en)asp = D(asp(en)|0⟩, ãsp(en)|0⟩) and ϵ′shear, ϵ
′
ortho,

and ϵ′pk are defined in Eqs. (E81) to (E83). These error
terms are similar to their unprimed counterparts (ϵshear,
ϵortho, and ϵpk, but are given in terms of the two-norm.
Nevertheless, they obey the same upper bounds as their
the unprimed counterparts.

F. Asymptotic cost of ISP

Overall, ISP scales quadratically in system size, up to
logarithmic terms. Its asymptotic time complexity for
both separable and non-separable states is

CToff(UISP) = O
(
η2 log2

(
η2ϵ−1

√
log(1/ϵ)

))
, (223)

which arises from the most expensive subroutine,
Ũlct
A−⊤ . The scaling follows from Eq. (169), which

shows that CToff(Ũ
lct
A−⊤) = O(η2nn̄2ISP) = O(η2n̄2ISP),

with n̄ISP = npad + nISP. Then, from Eq. (161)
and the fact that NISP∥L∥∞ ≫ β asymptotically, we
have npad = O(log(η) + nISP). Then, using nISP =
log(NISP) and NISP ∝ N̄ , Eq. (67) establishes nISP =

O(log(η2
√

log(1/ϵ)/ϵ)). This asymptotic analysis treats
the following quantities as constants because they do not
depend on ηe, ηn, N , or L: D(e), D(n), D(en), NMOB,
NSMB, γmax, lmax, Ng, Σ, ωi, ∥L∥∞, and

∑
I,J |CIJ |.
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We also assume that all errors go as O(ϵ), where ϵ is the
total error bound on the final observable.

Separable and non-separable ISP have the same
asymptotic cost because the two differ only in the domi-
nant term Ũlct

A−⊤ for non-separable ISP being multiplied
by
∑

I,J |CIJ |, which we assume to be constant.
Our ISP routine is exponentially faster in grid size N

than prior work. Because it is quadratic in n̄ISP, our ap-
proach scales as O(log2N). By contrast, previous work
performed the coordinate transformation on a classical
computer, using classical data loading with cost O(ηN)
to transfer the result onto a quantum computer [22].
Our approach instead performs the coordinate transfor-
mation coherently on the quantum computer, avoiding
the costly data loading.

V. TIME EVOLUTION BY QUBITIZATION

Our algorithm continues by time-evolving the initial
state for a specified time t under the molecular Hamilto-
nian H. Because H does not include terms that depend
on the spin of the electrons, the spin registers are sup-
pressed in this section and we concern ourselves only
with the registers that represent the simulation grid.

We use the qubitization-based approach to time-
evolution by first block-encoding H and then performing
QSP to synthesize the propagator e−iHt. To this end, we
explicitly block encode the full molecular Hamiltonian of
Eq. (1) in a way that can be understood as an extension
of the block-encoding of the electronic Hamiltonian [17].

Qubitization is a method to construct the qubiterate,
a unitary walk operator that one can use to synthesize
functions of the Hamiltonian—including the propagator—
using QSP [14, 15]. The starting point for the approach
is to write H as a linear combination of unitaries (LCU),

H =

NLCU∑
ℓ=1

αℓHℓ, λH =

NLCU∑
ℓ=1

αℓ, (224)

where the terms Hℓ are self-inverse unitaries and the
coefficients αℓ are positive. Using this decomposition, H
is embedded into a larger unitary UH whose upper-left
sub-block contains the normalized version of H,

UH =

 H/λH ·
· ·

 . (225)

To construct such a unitary block-encoding, qubitiza-
tion prescribes two oracles, prepH and selH . prepH

prepares a state that encodes the LCU coefficients αℓ

on an ancillary register of size ⌈log (NLCU)⌉,

prepH |0⟩ =
L∑

ℓ=1

√
αℓ

λH
|ℓ⟩, (226)

where |0⟩ is the all-zeros state. selH selectively applies
the unitary Hℓ on the data register if the ancilla register
is in state |ℓ⟩, i.e.,

selH |ℓ⟩|ψ⟩ = |ℓ⟩ ⊗Hℓ|ψ⟩. (227)

These oracles combine to give the block-encoding UH ,

UH = prepHselHprep†
H . (228)

With this block-encoding, we construct the qubiterate

W = (2|0⟩⟨0| − I)prep†
HselHprepH . (229)

To perform time-evolution, we need to transform W
to the propagator e−iHt. This can be done using QSP,
which, given a real function f and a unitary eiO gener-
ated by a Hermitian operator O, constructs the unitary
eif(O) [14, 15]. Since W = exp(−i arccos(H/λH)), it
is generated by arccos(H/λH), meaning that we can
synthesize the propagator e−iHt by performing QSP on
the qubiterate W with f = λHt cos(·). This is done
by repeatedly performing controlled applications of W
and its inverse interleaved with single-qubit rotations
applied to the control qubit. The number of repetitions,
conventionally referred to as queries, required to approx-
imate the propagator to precision ϵ for a system with
LCU-norm λH evolving for time t is [14]

O
(
λHt+

log(1/ϵ)

log log(1/ϵ)

)
. (230)

The Toffoli complexity CToff for time-evolution is then
given by this number of repetitions multiplied by the
Toffoli complexity of synthesizing the qubiterate W.

For the first-quantized electronic Hamiltonian in a
PWB, the qubiterate can be constructed using O(ηenp)
Toffoli gates [17]. In the following sections, we use
the same techniques to construct the qubiterate for the
first-quantized molecular Hamiltonian in the PWB and
show that it can be done using O(ηnp) Toffoli gates.
As ηe > ηn for most molecules, this represents only a
modest increase of the Toffoli complexity compared to
the electronic Hamiltonian. However, the number np
of plane-waves per particle per dimension required to
resolve the molecular wavefunction to a given resolution
is higher than for the electronic wavefunction, which
further increases the Toffoli complexity.

A. LCU decomposition of the molecular
Hamiltonian

We now give an LCU decomposition for the molecular
Hamiltonian and construct prepH and selH oracles
to block-encode it. We order the particles by index j,
so that electrons are labelled by j ∈ {1, 2, . . . , ηe} and
the nuclei by j ∈ {ηe + 1, . . . , (ηe + ηn)}. We rewrite
the kinetic and potential terms T and V in terms of a
basis of unitary and Hermitian operators HℓT and HℓV

with positive real coefficients αℓT and αℓV such that
T =

∑
ℓT
αℓTHℓT and V =

∑
ℓV
αℓV HℓV . Explicitly,

T =

η∑
j=1

∑
w∈{x,y,z}

np−2∑
r,s=0

∑
b∈{0,1}

π22r+s

Ω2/3mj
H(b,j,w,r,s) (231)

V =
∑
ν∈G0

η∑
i ̸=j=1

∑
b∈{0,1}

π|ζi||ζj |
Ω ∥kν∥22

H(b,i,j,ν), (232)
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where Ω = L3 is the real-space simulation-grid volume,
kν is defined in Eq. (7), G0 = G \ {(0, 0, 0)} is the basis
set of plane waves G without the singular zero mode, and
|ζj | is the absolute value of the electric charge ζj of the
jth particle (for an electron, ζj = −1). The self-inverse
unitaries are

H(b,j,w,r,s) =
∑
p∈G

(−1)b(pw,rpw,s⊕1) |p⟩ ⟨p|j (233)

H(b,i,j,ν) =
∑

p,q∈G

(−1)f(p,q,ν,i,j)

× |p+ ν⟩ ⟨p|i |q− ν⟩ ⟨q|j , (234)

where pw,r denotes the rth bit of the binary represen-
tation of the w-component of the grid point p (likewise
for pw,s). Negative terms in V , caused by electrostatic
attraction, are accounted for by the Boolean function

f(p,q,ν, i, j) = b ([(p+ ν) /∈ G] ∨ [(q− ν /∈ G)])
⊕ ([i < ηe + 1]⊕ [j < ηe + 1]) . (235)

The LCU norms of the kinetic and potential terms are

λT =
6π2

Ω2/3
(2np−1 − 1)2λm = O

(
ηN

2/3
grid

Ω2/3

)
(236)

λV =

∑η
i ̸=j=1 |ζi||ζj |
2πΩ1/3

λν = O
(
η2N

1/3
grid

Ω1/3

)
(237)

where λm =
∑η

j=1m
−1
j and λν =

∑
ν∈G0

∥ν∥−2
2 .

B. Overview of block encoding

We construct the block-encoding for the molecular
Hamiltonian by block-encoding the kinetic and potential
terms separately and taking a linear combination of them.
For this purpose, we define prep and sel routines for
the kinetic and potential terms separately, such that

⟨0|prep†
T selTprepT |0⟩ =

T

λT
, (238)

⟨0|prep†
V selV prepV |0⟩ =

V

λV
. (239)

These routines are defined via the LCU decompositions
for the kinetic term T and the potential term V in
Eq. (231) and Eq. (232), respectively. The state prepa-
ration routines are therefore

prepT |0⟩ =
∑

b,j,w,r,s

√
2r+s

6λm (2np−1 − 1)mj
|b, j, w, r, s⟩

(240)

prepV |0⟩ =
∑
ν,i̸=j

√
|ζi||ζj |

∥ν∥2 λν
∑η

k ̸=l=1 |ζk||ζl|
|ν, i, j⟩ ,

(241)

where the summation ranges are as given in Eqs. (231)
and (232) and |0⟩ denotes the all-zeros state on the
registers supporting the states in Eqs. (240) and (241).

The routines selT and selV are determined by
Eqs. (233) and (234) to act as

selT |b⟩ |j⟩ |w⟩ |r⟩ |s⟩ |p⟩j =
(−1)b(pw,rpw,s⊕1) |b⟩ |j⟩ |w⟩ |r⟩ |s⟩ |p⟩j (242)

selV |b⟩ |ν⟩ |i⟩ |j⟩ |p⟩i |q⟩j =
(−1)f(p,q,ν,i,j) |b⟩ |ν⟩ |i⟩ |j⟩ |p+ ν⟩i |q− ν⟩j ,

(243)

where selT acts on the ancilla register prepared in the
state prepT |0⟩ as well as the data register and selV
acts on the register prepared in the state prepV |0⟩ and
the data register.

To construct the block-encoding for the full Hamilto-
nian H = T + V , we combine the routines in Eqs. (240)
to (243) to construct prepH and selH . More precisely,

prepH |0⟩ = |Lθ⟩a ⊗ prepT |0⟩ ⊗ prepV |0⟩ . (244)

Here, the additional ancilla qubit a is prepared as

|Lθ⟩a = cos(θ) |0⟩a + sin(θ) |1⟩a (245)

with θ = arccos
(√

λT

λT+λV

)
= arcsin

(√
λV

λT+λV

)
cho-

sen so that the Hamiltonian is block-encoded with the
correct LCU norm λH = λT + λV . The corresponding
selH operator uses register a as a control qubit to select
between applying selT and selV , i.e.,

selH = |0⟩⟨0|a ⊗ selT + |1⟩⟨1|a ⊗ selV . (246)

The block-encoding prep†
HselHprepH then satisfies

H = λH(⟨0| ⊗ I)prep†
HselHprepH (|0⟩ ⊗ I). (247)

The subroutines prepT and prepV can be decom-
posed into more elementary protocols, as described in
Sections V C and VD and summarized here.

The state prepT |0⟩ given in Eq. (240) can be decom-
posed into the product state

prepT |0⟩ = |+⟩b ⊗ |Lm⟩c ⊗ |Lw⟩d ⊗ |Lr,s⟩e,f (248)

where the mass state

|Lm⟩ =
1√∑η

j=1m
−1
j

η∑
j=1

1
√
mj
|j⟩c (249)

encodes the inverse masses m−1
j of the particles. Next,

we have the uniform superposition over three basis states,

|Lw⟩ =
1√
3

2∑
w=0

|w⟩d, (250)

which acts as an index register allowing selT to iterate
over the three spatial components of any single-particle
momentum register. Finally, the state

|Lr,s⟩ =
1

2np−1 − 1

np−2∑
r,s=0

2(r+s)/2 |r⟩e |s⟩f (251)
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allows selT to iterate over the rth and sth bits of the
wth spatial component of the momentum register of a
particle. Because prepT |0⟩ is a product state, we pre-
pare each factor independently, with detailed procedures
and costs given in Section VC.

We also write prepV |0⟩ as the product state

prepV |0⟩ = |Lν⟩h ⊗ |Lζζ⟩ℓ,m , (252)

where the momentum state

|Lν⟩h =
1√
λν

∑
ν∈G0

1

∥ν∥2
|ν⟩h , (253)

encodes the inverse momentum of a particle [17]. Simi-
larly, the Coulomb state

|Lζζ⟩ℓ,m =

η∑
i ̸=j=1

√
|ζi||ζj |√∑η

i̸=j=1 |ζi||ζj |
|i, j⟩ℓ,m (254)

encodes the absolute values of the charge pairs occurring
in the Coulomb potential (Eq. (232)).

In practice, we can reduce resource costs by replacing
prepV with the approximate version

p̃repV |0⟩g,h,k,ℓ,m = |L̃ν⟩g,h ⊗ |L̃ζζ⟩k,ℓ,m (255)

that is the product of approximations |L̃ν⟩ and |L̃ζζ⟩ to
the momentum and Coulomb states, respectively. For
more details, see Section VD, where we show that this
state can be prepared with a success probability pV that
is lower-bounded by a constant close to 1/8, with the
actual value typically closer to 1/4 for most molecules.

The approximate state preparation also necessitates a
modified implementation of selH . This implementation
is controlled on ancilla qubits in the p̃repH register that
flag successful state preparation and can be written as

s̃elH =
∑
x

|x⟩ ⟨x| ⊗ selx, (256)

where bit string x iterates over flag-qubit values and
selx ∈ {selT , selV , I}, as detailed in Section VH.

By combining p̃repH with s̃elH , we arrive at an
approximate block encoding p̃rep

†
HselH p̃repH of H,∥∥H − λ̃H ⟨0| p̃rep

†
HselH p̃repH |0⟩

∥∥ ≤ ϵH , (257)

where the error ϵH is defined in Eq. (344). In Ap-
pendix H, we show that the LCU norm λ̃H of our block-
encoded Hamiltonian is

λ̃H =
1

Peq
max

{
λT + λV ,

λV
pV

}
, (258)

where pV is the success probability of p̃repV and
Peq = Ps(3, 8)Ps(η, br)Ps(η, br)

2 is a product of success
probabilities for the preparation of uniform superposi-
tion states that occur for both prepT and p̃repV . Each
of these probabilities is very close to 1, with the analytic
expression provided in [17].

C. prepT

Implementing prepT for the block-encoding of the
kinetic term T requires the preparation of the three
states in Eq. (248): the mass state |Lm⟩, the uniform-
superposition state |Lw⟩, and the state |Lr,s⟩. Our
main focus in this section is to describe and cost the
preparation of |Lm⟩, as the preparation protocols for
the other two states are the same as for the known
block-encoding of the electronic Hamiltonian [17]. By
contrast, the preparation of |Lm⟩ is only necessary for
the block-encoding of the molecular Hamiltonian.

To encode the masses of the particles, we prepare the
mass state

|Lm⟩c =
1√∑η

j=1m
−1
j

η∑
j=1

1
√
mj
|j⟩c . (259)

To do so, we use coherent alias sampling with standard
qrom, a technique to prepare an arbitrary quantum
state, with L known coefficients, up to error at most ϵ, in
time O (L+ log(1/ϵ)) [67]. We obtain the approximate
mass state (entangled with a junk register of ancillas)

|L̃m⟩c,anc =
1√∑η

j=1 m̃
−1
j

η∑
j=1

1√
m̃j

|j⟩c |junkj⟩anc

(260)

by using alias sampling with L = η and precision
2−µT η−1, which guarantees an accuracy

max
j∈{1,2,...,η}

∣∣∣∣ 1

mj
− 1

m̃j

∣∣∣∣ ≤ 2−µT

η

(
η∑

j=1

1

mj

)
, (261)

where µT is the number of bits of precision used to
approximate the coefficients of the state.

Alias sampling consists of several subroutines, whose
Toffoli costs are [67]

CToff(unif(η, br)) = 3nη + 2br − 9 (262)
CToff(qromη) = η − 2 (263)
CToff(compµT

) = µT (264)
CToff(swap(|ℓ⟩ ↔ |altℓ⟩)) = nη, (265)

where nη = ⌈log(η)⌉. For the uniform state preparation
unif(η, br), we set the ancilla-qubit rotation parameter
br = 8, which ensures a sufficiently high probability of
success [17]. The Toffoli cost of preparing |L̃m⟩ is then

CToff(|L̃m⟩) = η + µT + 4nη + 5. (266)

In Appendix I 2, we show that if the block-encoded
kinetic energy T̃ = λT ⟨0|prep†

T selTprepT |0⟩ needs
to be accurate to ∥T − T̃∥ ≤ ϵT , the number of qubits
needed to represent the coefficients is at least

µT = ⌈log (λT /ϵT )⌉ . (267)

Therefore, the asymptotic Toffoli cost of the mass-state
preparation is O (η + ⌈log (λT /ϵT )⌉).
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The ancilla cost of preparing |L̃m⟩,

Canc(|L̃m⟩) = 3nη + 3µT + 2, (268)

is the sum of the nη qubits in register c, the nη+2µT +1
junk qubits in the anc register in Eq. (260), and the
ancillas used within the subroutines,

Canc(unif(η, br)) = 2 (269)
Canc(qromη) = nη (270)
Canc(compµT

) = µT − 1. (271)

When unpreparing |L̃m⟩, we use measurement-based
uncomputation [68] to uncompute the qrom because
it is cheaper than uncomputing via standard inversion.
It involves measuring the junk registers in Eq. (260)
in the Hadamard basis and performing adaptive phase
corrections. This erasure process has a Toffoli cost of

CToff(qrom†) = Er(η) = min
k∈N

(⌈ η
2k

⌉
+ 2k

)
, (272)

which is approximately 2
√
η and therefore quadratically

smaller than the cost to apply qrom [68]. It also needs

Canc(qrom†) = nEr = argmin
k∈N

(⌈ η
2k

⌉
+ 2k

)
(273)

ancilla qubits. The inequality test compµT
can be un-

computed using only Cliffords by keeping around the flag
register storing the test outcome, on which we control
the SWAPs. We thus only have to consider the addi-
tional Toffoli cost to invert the controlled SWAPs and
the uniform state preparation, which we do via standard
inversions. Hence, with slight abuse of notation, the
costs to unprepare |L̃m⟩ are

Canc(⟨L̃m|) = nEr (274)

CToff(⟨L̃m|) = Er(η) + 4nη + 7. (275)

The second state we need to prepare is the uniform
superposition |Lw⟩. We do so using the uniform-state-
preparation unif(3, 8), whose costs are [17]

Canc(|Lw⟩) = 4 (276)
CToff(|Lw⟩) = 13. (277)

Finally, we review the preparation of |Lr,s⟩ [17]. As
shown in Eq. (251), |Lr,s⟩ is a product state of the form

|Lr,s⟩e,f = |Lr⟩e ⊗ |Ls⟩f , (278)

with both factors of the form

|Lx⟩ =
1√

2np−1 − 1

np−2∑
x=0

√
2x |x⟩ , (279)

where x ∈ {r, s}. We prepare both states using the
protocol in [17], whose Toffoli cost is CToff(|Lx⟩) = np−2,
and therefore

CToff (|Lr,s⟩) = 2(np − 2). (280)

Each state is supported on np qubits. In addition, one

ancilla qubit is prepared in the state Rz(π/4) |+⟩ to
be catalytically used to perform controlled Hadamards
needed to prepare |Lr,s⟩ [17], so that

Canc(|Lr,s⟩) = 2np + 1. (281)

The full Toffoli cost of prepT is

CToff(prepT ) = CToff(|L̃m⟩) + CToff(|Lw⟩)
+ CToff(|Lr,s⟩) (282)

so that, from Eqs. (266), (277) and (280), it follows that

CToff (prepT ) = η + µT + 4nη + 2np + 14. (283)

For the unpreparation, we get a reduced cost of

CToff

(
prep†

T

)
= Er(η) + 4nη + 2np + 16. (284)

The mass-state preparation dominates the Toffoli com-
plexity of the prepT routine with an O(η) scaling.

The total number of ancilla qubits used is

Canc(p̃repT ) = Canc(|+⟩) + Canc(|Lw⟩)
+ Canc(|Lr,s⟩) + Canc(|L̃m⟩)

= 3nη + 3µT + 2np + 8. (285)

D. prepV

Implementing prepV requires the preparation of the
two states in Eq. (252): the momentum state |Lν⟩ that
encodes the inverse momenta of the particles and the
Coulomb state |Lζζ⟩ that encodes the charge pairs in
the Coulomb potential. Our main focus in this section is
the preparation of |L̃ζζ⟩, since the preparation routine
for |L̃ν⟩ has been described previously [17, 69].

The exact momentum state

|Lν⟩ =
1

λν

∑
ν∈G0

1

∥ν∥2
|ν⟩ , (286)

with normalization λν =
∑

ν∈G0
∥ν∥−2

2 , encodes the
inverse momentum of each particle. It is approximated
by the easier-to-prepare state

|L̃ν⟩g,h,anc =
1√

M2np+1

np+1∑
µ=2

∑
ν∈Bµ⌈

M(2µ−2/∥ν∥2)
2
⌉
−1∑

m=0

1

2µ
|0⟩g |ν⟩h |µ,m⟩anc +

√
1− pν |⊥⟩ ,

(287)

where M = 2nM , with nM being a control parameter
setting the precision, and Bµ = {ν ∈ G0 | (∥ν∥∞ <
2µ−1) ∧ (

∨
w∈{x,y,z}(|νw| ≥ 2µ−2))}. The qubit g flags

successful preparation of |L̃ν⟩ with probability [17]

pν =

np+1∑
µ=2

∑
ν∈Bµ

⌈M(2µ−2/ ∥ν∥2)2⌉
M22µ2np+1

≈ 1/4. (288)
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The cost to prepare and unprepare |L̃ν⟩g,h is [17]

Canc(|L̃ν⟩) + Canc(⟨L̃ν |) = 3n2p + 10np + 5nM

+ 4nMnp + 10 (289)

CToff(|L̃ν⟩) + CToff(⟨L̃ν |) = 3n2p + 15np

+ 4nM(np + 1)− 7. (290)

The parameter nM is set by the error ϵV = ∥V − Ṽ ∥∞
on the block-encoded potential energy Ṽ . This error is
due to the imprecision in the amplitudes of |L̃ν⟩. We
show in Appendix I 3 that

nM = ⌈log (λV rν/ϵV )⌉ , (291)

where

rν =
4

λν

(
7× 2np+1 − 9np − 11− 3× 2−np

)
. (292)

We also show that rν ≤ 12 in Lemma 9, meaning that
nM = O (⌈log (λV /ϵV )⌉).

Our preparation of the Coulomb state |Lζζ⟩ extends
the preparation routine for a similar state used for the
block-encoding of the simpler, purely electronic Hamilto-
nian [17]. That block-encoding requires the preparation
of the state

1√∑ηn

l=1 ζl

ηn∑
l=1

√
ζl |l⟩ , (293)

which encodes the electric charges ζl of only the nuclei
of the system. The preparation of this state in [17] uses
QROM, but simplifies the preparation by using the fact
that ζl are integers.

The Coulomb state is

|Lζζ⟩ =
η∑

i ̸=j=1

√
|ζi||ζj |√∑η

i̸=j=1 |ζi||ζj |
|i, j⟩ . (294)

The approximate state includes a flag register and is

|L̃ζζ⟩k,ℓ,m =
√
pζ |0⟩k |Lζζ⟩ℓ,m +

√
1− pζ |1⟩k |L⊥

ζζ⟩ℓ,m ,

(295)

with overlap

pζ =

∑η
i ̸=j=1 |ζi||ζj |∑η
i,j=1 |ζi||ζj |

(296)

with |Lζζ⟩ℓ,m and with the orthogonal state

|L⊥
ζζ⟩ℓ,m =

η∑
j=1

√
|ζj ||ζj |√∑η
j=1 ζ

2
j

|j, j⟩ℓ,m . (297)

The backbone of our technique for preparing |L̃ζζ⟩ is
the charge state

|ζ⟩ = 1√∑η
j=1 |ζj |

η∑
j=1

√
|ζj | |j⟩ , (298)

which encodes the absolute values of the electric charges
ζj of both electrons and nuclei. We prepare it using the
procedure in [17], originally used to prepare the nuclei-
only state in Eq. (293), but now applied to Eq. (298),
as detailed in Appendix F.

We then prepare |L̃ζζ⟩ by performing an inequality
test on two independent copies of |ζ⟩ and storing the
outcome of the test in the flag register k in |L̃ζζ⟩, as
detailed in Appendix F. Therefore,

|L̃ζζ⟩ = comp̸=
k,ℓ,m (|0⟩k ⊗ |ζ⟩ℓ ⊗ |ζ⟩m) , (299)

where comp ̸=
k,ℓ,m is an inequality test between registers

ℓ and m that writes the result into the flag register k.
The Toffoli cost of this procedure is

CToff

(
|L̃ζζ⟩

)
= CToff(Ccomp̸=

k,ℓ,m)

+ 2CToff (|ζ⟩) . (300)

Since an n-qubit inequality test costs n− 1 Toffoli gates,

CToff(comp ̸=
k,ℓ,m) = nη − 1, (301)

where nη = ⌈log(η)⌉. The Toffoli cost of preparing |ζ⟩ is

CToff(|ζ⟩) = CToff(unif(2ηe, r))
+ CToff(qrom2ηe

), (302)

where the subscript on qrom denotes the number of
coefficients it outputs. Specifically [17, 67],

CToff(unif(2ηe, r)) = 3⌈log(2ηe)⌉+ 2br − 9 (303)
CToff(qrom2ηe

) = 2ηe − 1, (304)

giving a total cost of

Canc(|L̃ζζ⟩) = 6 ⌈log (2ηe)⌉+ 3nη + 4 (305)

CToff(|L̃ζζ⟩) = 4ηe + nη + 6⌈log(2ηe)⌉+ 4br − 21.
(306)

To reduce the cost of unpreparation, we again use
measurement-based uncomputation to erase the qrom,
as we did in Section V C for the mass state. Unpreparing
the qrom by erasing costs Er(2ηe) Toffoli gates, so that
the total cost of unpreparing |L̃ζζ⟩ is at most

CToff(⟨L̃ζζ |) = 2Er(2ηe) + 6⌈log(2ηe)⌉+ 4br − 18.
(307)

The total Toffoli cost to prepare and unprepare is then
O(ηe) and therefore slightly cheaper than the prepara-
tion of the mass state, which is O(η).

Our procedure prepares |Lζζ⟩ with probability
pζ , which is at least 1/2. Because

∑η
i=1 |ζi|2 =

ηe +
∑ηn

j=ηe+1 ζ
2
j and, for charge-neutral systems,∑η

j=1 |ζj | = 2ηe, we can write

pζ =
∣∣⟨L̃ζζ |Lζζ⟩

∣∣ = 1−
∑η

i=1 |ζi|2

(
∑η

i=1 |ζi|)
2 (308)

= 1−
ηe +

∑ηn

j=ηe+1 ζ
2
j

4η2e
(309)



26

≥ 1−
ηe +

(∑ηn

j=ηe+1 ζj

)2
4η2e

(310)

=
3

4
− 1

4ηe
≥ 1

2
, (311)

with equality holding for a one-electron system such
as hydrogen. For large molecules (ηe →∞), the lower
bound on pζ improves to 3/4, providing us with a rigor-
ous performance guarantee for our state preparation.

The joint state |L̃ν⟩ ⊗ |L̃ζζ⟩ can be written as

p̃repV |0⟩ =
√
pνpζprepV |0⟩+

√
1− pνpζ |⊥⟩ , (312)

which has overlap pνpζ with prepV |0⟩. Here |⊥⟩ is
orthogonal to prepV |0⟩. Equations (288) and (311)
show that pνpζ is lower-bounded by a constant close to
1/8, with the actual value typically closer to 1/4 for most
molecules. Our approximate protocol p̃repV therefore
has an appreciable probability of success.

The total Toffoli cost of this protocol is

CToff

(
p̃repV

)
= CToff(|L̃ζζ⟩) + CToff(|L̃ν⟩) (313)
= 4ηe + nη + 6⌈log(2ηe)⌉+ 4br − 24

+ 3n2p + 11np + 4nM(np + 1), (314)

while for the unpreparation we obtain

CToff

(
p̃rep

†
V

)
= CToff(⟨L̃ζζ |) + CToff(⟨L̃ν |) (315)
= nη + 2Er(2ηe) + 6⌈log(2ηe)⌉
+ 4br − 19 + 4(np − 1). (316)

The ancilla cost is

Canc(p̃repV ) = Canc(|L̃ν⟩) + Canc(|L̃ζζ⟩)
= 3n2p + 10np + 6 ⌈log (2ηe)⌉+ 3nη

+ 5nM + 4nMnp + 14. (317)

E. prepH

Given the preceding implementations of p̃repT and
p̃repV , we construct p̃repH as

p̃repH |0⟩ = |L̃θ⟩a ⊗ p̃repT |0⟩ ⊗ p̃repV |0⟩ . (318)

Here, the additional ancilla qubit a is prepared as

|L̃θ⟩a = cos(θ̃) |0⟩a + sin(θ̃) |1⟩a , (319)

where θ denotes an nθ-bit approximation of θ, such
that |θ − θ̃| ≤ 2−nθ . Preparing and unpreparing this
single-qubit state has a cost of

Canc

(
Rz(θ̃)a

)
= nθ (320)

CToff

(
Rz(θ̃)a

)
= nθ − 3, (321)

where the ancillas store the phase gradient state [17]
that is used to catalytically synthesize the single-qubit
rotation. For the unpreparation, we run the circuit
in reverse, so that CToff

(
R†

z(θ̃)a
)
= CToff

(
Rz(θ̃)a

)
and

likewise for the ancilla cost.

Therefore, the cost of p̃repH is

Canc(p̃repH) = Canc(p̃repT ) + Canc(p̃repV )

+Canc

(
Rz(θ̃)a

)
(322)

CToff(p̃repH) = CToff(p̃repT ) + CToff(p̃repV )

+CToff

(
Rz(θ̃)a

)
, (323)

which can be converted into a constant-factor cost us-
ing Eqs. (285), (317) and (320) for the ancillas and
Eqs. (283), (313) and (321) for the Toffoli costs. Corre-
spondingly, for the unpreparation, we have

CToff

(
p̃rep

†
H

)
= CToff

(
p̃rep

†
T

)
+ CToff

(
p̃rep

†
V

)
+ CToff

(
Rz(θ̃)

†
a

)
, (324)

which can be converted into constant factor costs using
Eqs. (284) and (315).

Asymptotically, the Toffoli cost of prepH is domi-
nated by the preparation of the momentum state,

CToff(prepH) = O(n2p) = O
(
(logN)2

)
. (325)

F. selT

Our implementation of selT follows the approach
in [17]. The map

selT : |b⟩b |j⟩c |w⟩d |r⟩e |s⟩f |pj⟩
→ (−1)b·(pw,r·pw,s⊕1) |b⟩b |j⟩c |w⟩d |r⟩e |s⟩f |pj⟩ , (326)

adds a phase to the data register controlled on ancilla
registers c, d, e, f .

To reduce the need to control many operations off
the LCU ancilla registers, we first swap the momentum
register of the jth particle into an ancilla register of 3np
qubits controlled on register c in Eq. (260) being in state
|j⟩c. The Toffoli cost of the controlled swaps is 3ηnp
and the cost of the controls, which we implement via
unary iteration [67], is η − 2. However, we assign these
costs to selH later in Section V H.

To apply selT , we copy the wth momentum compo-
nent of particle j that is stored in the wavefunction data
register, up to the sign bit, into an ancilla register of size
np − 1. To do so, we control the copying off the register
d storing |w⟩, which can be done with 3(np − 1) Toffoli
gates. Controlling off registers e and f , we then copy the
rth and the sth bits into two ancilla qubits, with a Toffoli
cost of np − 1 each. Then, controlled on these two and
register a in Eq. (318), we apply a (−Z)-gate on register
b prepared in the state |+⟩ as shown in Eq. (248). This
costs one Toffoli gate. Within selH (see Section VH),
the application of selT is controlled on an ancilla qubit.
This control is added to the already doubly controlled
(−Z)-gate described above, which adds one additional
Toffoli gate to the cost, giving

Canc(ctrl-selT ) = np + 2 (327)
CToff(ctrl-selT ) = 5(np − 1) + 2, (328)

where the ancilla cost excludes the unary-iteration ancil-
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las [67] used to control the swaps of the momenta. We
include this additional ancilla cost later in Section V H.
There, we also account for the cost of inverting the
control-swaps between the data and ancilla registers,
which we perform after selT .

G. selV

We implement

selV : |b⟩b |ν⟩h |i⟩ℓ |j⟩m |pi⟩ |qj⟩ →
(−1)f(p,q,ν,i,j) |b⟩ |ν⟩h |i⟩ℓ |j⟩m |pi + ν⟩ |qj − ν⟩ ,

(329)

with the Boolean function

f(p,q,ν, i, j) = b ([(p+ ν) /∈ G] ∨ [(q− ν) /∈ G])
⊕ ([i < ηe + 1]⊕ [j < ηe + 1]) . (330)

We perform the arithmetic on the momenta as follows.
First, controlled on register ℓ in Eq. (254), we swap data
register |pi⟩ into an ancilla register of size 3np, add ν to
it, and controlled-swap it back. We then subtract ν from
|qj⟩ using the same procedure, but controlled on register
m in Eq. (254). Since both have to be swapped back
and forth, and since i and j range over all particles, the
Toffoli cost of the controlled swaps is 12ηnp. However,
we assign these costs to selH later in Section VH. To
perform selV , we apply both a controlled phase and
controlled additions on the data register.

To apply the controlled phase (−1)f(p,q,ν,i,j), apart
from the last two terms that apply phases for electron
charges, we follow the procedure for implementing the
corresponding function in [17]. We perform the con-
trolled phasing for the electronic charges via a control-Z
onto the register b in state |+⟩b as part of the unary
iteration on the Coulomb state, which determines which
registers are to be swapped into the ancilla register.
Since controlled-Z is a Clifford gate, there is no Toffoli
cost for this modification.

The controlled addition of the momenta ν into the
momentum registers |pi⟩ and |qj⟩ is controlled by the
ancilla register that the control circuit in selH outputs
on (see Section V H). This requires one qubit fewer than
in [17]. To add ν into the momentum register, we first
copy one component of ν into an ancilla register of size
np. For the addition of the momenta, we require np + 1
ancilla qubits. In addition, we need 2 ancillas to deal
with arithmetic overflow for every spatial component of
the momentum, totaling 6 qubits.

Overall,

Canc (ctrl-selV ) = 2np + 7 (331)
CToff(ctrl-selV ) = 24np. (332)

H. selH

Given the preceding implementations of selT and
selV , we implement selH so that it selectively applies
either selT , selV , or the identity, controlled on the

values of a set of flag registers that indicate successful
state preparation in the prepH register. The general
form of selH is∑

xeq,xa,xg,k

|xeq, xa, xg,k⟩ ⟨xeq, xa, xg,k|a,g,k

⊗ sel(xeq,xa,xg,k), (333)

where sel(xeq,xa,xg,k) ∈ {selT , selV , I}, which is con-
trolled by the values of the flag registers (xeq, xa, xg,k) ∈
{0, 1}3. Here, |xeq⟩ is a register that flags the joint suc-
cess of all uniform state preparations in prepH , register
|xg,k⟩ flags the success branch of p̃repV , and register
|x⟩a is given in Eq. (245).

There are two possible choices of sel(xeq,xa,xgk) for a
given triple (xeq, xa, xg,k) of flag values, as detailed in
Appendix H. For both choices, we can implement the
associated controls to apply either selT or selV via one
additional ancilla and one multi-qubit Toffoli gate and
Clifford gates. In summary, the control circuit checks
the success of the preparation of the uniform states
in p̃repH , the state of register a, and the success of
p̃repV via controls and anti-controls on the appropriate
flag registers. Conditioned on the success of these state
preparations and on |xa⟩, we flip a qubit that controls
the application of selV and anti-controls the application
of selT . This circuit costs at most 6 Toffoli gates.

We noted above the need to precede the applications
of both selT and selV by controlled-swapping of either
one or two momentum registers into ancillas and then
back again, which has cumulative Toffoli cost 18ηnp for
the controlled swaps and 6η− 12 for the unary iteration
that implements the controls on the index register of
the particles [17]. The total Toffoli cost is therefore

CToff(selH) = 6(CToff(cswaps) + CToff (UnaryIt))

+ CToff(controls) + CToff(ctrl-selT )
+ CToff (ctrl-selV ) , (334)

where CToff(cswaps) = 3ηnp, CToff(UnaryIt) = η − 2,
and CToff(controls) = 6 for the controls in Eq. (333) to
implement selH . Therefore, the total cost of selH is

CToff(selH) = 18ηnp + 6η + 5np + 24np − 9. (335)

The cost of the controlled version of selH is

CToff(ctrl-selH) = CToff(selH) + 1 (336)

because we only need one more control on the multi-qubit
Toffoli gate in the control circuit of selH that conditions
on the success of the uniform state preparations.

In terms of ancilla costs, we need 3np ancillas into
which the value of the the jth momentum register is
swapped, nη−1 ancillas for the unary iteration, 5 ancillas
for the controls in Eq. (333), as well as ancillas for
ctrl-selT and ctrl-selV ,

Canc(selH) = max{Canc(ctrl-selT ), Canc(ctrl-selV )}
+ Canc(cswaps) + Canc(UnaryIt)

+ Canc(controls) (337)
= 5np + nη + 11. (338)
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I. Block-encoding UH

We are now in position to assemble the block-encoding

UH = p̃rep
†
HselH p̃repH , (339)

which requires

Canc(UH) = Canc(p̃repH) + Canc(selH) (340)

CToff(UH) = CToff(p̃repH) + CToff(selH)

+ CToff(p̃rep
†
H), (341)

with the ancilla subcosts given in Eqs. (322) and (338)
and the Toffoli subcosts given in Eqs. (323), (324)
and (334), respectively. The expansion of Canc(UH)
into its components is summarized in Appendix G.

UH forms a (λ̃H , qH , ϵH) block encoding with the three
parameters given as follows. First, the LCU-norm is

λ̃H =
1

Peq
max

{
λT + λV ,

λV
pνpζ

}
, (342)

which we derive in Appendix H. Here, λT and λV are
given in Eqs. (236) and (237) and the success prob-
abilities pν and pζ of preparing |Lν⟩ and |Lζζ⟩ are
defined in Eqs. (288) and (296). Peq is the proba-
bility of all uniform state preparations in p̃repH suc-
ceeding. These occur independently as subroutines in
the preparations of |Lw⟩ , |Lm⟩ and |Lζζ⟩. Therefore,
Peq = Ps(3, 8)Ps(η, br)Ps(η, br)

2, where Ps(n, br) for
n, br ∈ N is the success probability of preparing a uni-
form superposition over n basis states using rotations
with br-bit precision [17]. For br = 8, this probability
is very close to one and is given in Eq. (H49). Sec-
ond, the size of the block-encoding ancilla register is
qH = Canc(UH). And third, the block-encoding error is∥∥H − H̃∥∥∞ ≤ ϵH , (343)

for the approximately encoded Hamiltonian H̃ =

λ̃H ⟨0qH | p̃rep
†
HselH p̃repH |0qH ⟩, as can be obtained

from the definition of p̃repH in Eq. (318).

The block-encoding error ϵH constitutes the error
budget available for the block encoding. As we show in
Appendix I 4, it decomposes as

ϵH = ϵT + ϵV + ϵθ. (344)

Here, the block-encoding errors of the kinetic and po-
tential terms are defined via

∥T − T̃∥∞ ≤ ϵT (345)

∥V − Ṽ ∥∞ ≤ ϵV , (346)

where T̃ and Ṽ are defined analogously to H̃ using
the respective p̃rep and sel routines. Finally, ϵθ
bounds the error in the block-encoding of H due to
the preparation of |L̃θ⟩, which is a ∆θ-approximation of
|Lθ⟩ = Rz(θ) |+⟩, where

∆θ = |θ − θ̃| ≤ 2−nθ (347)

is the error incurred by performing the nθ-bit approxi-
mation Rz(θ̃) of Rz(θ). In Appendix I 4, we show that

ϵθ ≤ 2λ̃H∆θ. (348)

Distributing the error budget set by ϵH across ϵθ, ϵT ,
and ϵV in accordance with Eq. (344) results in explicit
parameter values

nθ = ⌈log(λ̃H/ϵθ)⌉ (349)
µT = ⌈log(λT /ϵT )⌉ (350)
nM = ⌈log(λV rν/ϵV )⌉ , (351)

which are used to give the costs for p̃repH in
Eq. (323). Because rν ≤ 12 (see Appendix I 3), nM =
O (⌈log (λV /ϵV )⌉).

J. Qubiterate W

Performing time evolution using QSP will require a
qubiterate that we construct using the block-encoding
UH and a reflection operator R(W)

0 = I−2 |0⟩ ⟨0|, giving

W̃ = R(W)
0 UH = e−i arccos(H̃/λ̃H), (352)

where R(W)
0 acts only on a subset of ancilla qubits, as

described in Appendix G1. We will also require W̃
controlled off an ancilla qubit, which is done by adding
controls for both UH and R(W)

0 .

To perform ctrl-R(W)
0 , we apply a multi-controlled-

Z gate with anti-controls on the output register of
p̃rep

†
H and a target on the qubit that controls the

application of W̃. The Toffoli cost of implementing
this gate using measurement-based uncomputation is
CToff

(
ctrl-R(W)

0

)
= out(prep†

H)− 1 and the number of
required fresh ancillas is out(prep†

H)− 2, where

out(prep†
H) = nη+6np+nM+2 ⌈log (2ηe)⌉+11 (353)

is the size of the output register of p̃rep
†
H , as derived

in Appendix G 1.

The cost of applying ctrl-W̃ is then

Canc(ctrl-W̃) = max{Canc(UH), 2(out(prep†
H)− 1)}

(354)

CToff(ctrl-W̃) = CToff (ctrl-UH) + CToff(ctrl-R(W)
0 )

(355)

CToff(ctrl-UH) = CToff(p̃repH) + CToff(ctrl-selH)

+ CToff(p̃rep
†
H), (356)

where Canc(UH) is given in Eq. (340) and where the con-
trols on p̃rep and p̃rep

† may be dropped in Eq. (356).
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K. QSP

Finally, we construct Ũprop by applying bidirectional
QSP [70] to ctrl-W̃, see Fig. 4. The cost of doing so is

Canc(Ũprop) = 1 + Canc(R̃i(ϕ̃i, γ̃i)) + Canc(ctrl-W̃)

(357)

Canc(R̃i(ϕ̃i, γ̃i)) = 1 (358)

CToff(Ũprop) = 2CToff(ctrl-W̃) + d̃ CToff(W̃)

+ (d̃+ 1)CToff(R̃i(ϕ̃j , γ̃j)) (359)

CToff(R̃(ϕ̃i, γ̃i)) =
1
2 (0.56 log(1/ϵrot) + 5.3), (360)

d̃ = λ̃Ht+ log
(
1/ϵd̃

)
, (361)

where d̃ is the number of calls needed to W̃ and where the
ancilla and Toffoli costs of ctrl-W̃ are given in Eqs. (354)
and (355), respectively. R̃(ϕ̃i, γ̃i) are QSP rotations
performed on the QSP control ancilla, as shown in Fig. 4.
The factor of 1/2 in Eq. (360) converts the known T -gate
cost in parentheses [71] to Toffoli cost [17].

The unitary Ũprop approximates the true time evolu-
tion Uprop = e−iHt up to error∥∥Uprop − Ũprop

∥∥
∞ ≤ ϵprop. (362)

This error is comprised of two contributions: the error ϵH
in the Hamiltonian block encoding and the error ϵQSP in
the systhesis of the time evolution by QSP. Specifically,
we show in Appendix I that

ϵprop ≤
∥∥e−iHt − e−iH̃t

∥∥
∞ +

∥∥e−iH̃t − Ũprop

∥∥
∞ (363)

≤ ϵHt+ ϵQSP, (364)

where ϵH ≥ ∥H − H̃∥∞ is the Hamiltonian block-
encoding error and the QSP error ϵQSP is defined by∥∥e−iH̃t − Ũprop

∥∥
∞ ≤ ϵQSP. (365)

The QSP error arises from the QSP implementation
of the time evolution as the approximate Ũprop = f̃d̃(W̃),
where f̃d̃(W̃) is a truncated Jacobi-Anger expansion of
the function f = λ̃Ht cos(·). As detailed in Appendix I,
two sources of error result in

ϵQSP ≤
∥∥e−iH̃t − fd̃(W̃)

∥∥
∞ +

∥∥fd̃(W̃)− Ũprop

∥∥
∞

≤ ϵd̃ + (d̃+ 1)(ϵrot + ϵϕ + ϵγ). (366)

The first term accounts for the error from truncating
the Jacobi-Anger expansion,∥∥e−iH̃t − fd̃(W̃)

∥∥
∞ ≤ ϵd̃. (367)

The second term arises because QSP implements fd̃ only
approximately as f̃d̃, since both the synthesis of the
rotations Rj and the classical precomputations of the
QSP angles (γj , ϕj) have finite precision, giving∥∥fd̃(W̃)− f̃d̃(W̃)

∥∥
∞ ≤ (d̃+ 1)(ϵrot + ϵϕ + ϵγ), (368)

where ϵrot is the error for synthesizing each single-qubit

rotation R(ϕi, γi) and ϵϕ and ϵγ are the errors of each
classically computed angle ϕi and γi, respectively.

The error bounds above allow us to budget ϵH and
ϵQSP using the constraints provided by the total time-
evolution error ϵprop, the simulation time t, and the
LCU-norm λ̃H . The budget allocated to ϵQSP then
constrains the component errors ϵd̃, ϵϕ, ϵγ , and ϵrot.

L. Asymptotic cost of time evolution

In summary, the asymptotic Toffoli cost of ctrl-W̃ is

CToff

(
ctrl-W̃

)
= Õ(η), (369)

with the exact expression given in Table 3. The time
evolution Ũprop includes the additional QSP overhead,
and its cost (Eq. (359)) has the asymptotic form

CToff(Ũprop) = Õ
(
η2
N

2/3
grid

Ω2/3
t+ η3

N
1/3
grid

Ω1/3
t

)
, (370)

which is cubic in the number of particles η and sublinear
in the grid size Ngrid. Equivalently, the cost is quadratic
in the momentum cutoff Kmax = (Ngrid/Ω)

1/3.
The ancilla costs Canc(Ũprop) for time evolution are

summarized in Appendix G.

VI. MEASURING OBSERVABLES

The final step in our algorithm is to extract chemically
relevant information from the time-evolved molecular
wavefunction | ˜̂Ψ(t)⟩. This information is obtained in
the form of expectation values of observables such as
bond lengths, reaction yields, or reaction rates. If we
do not have access to the PWB representation of the
observable O, we can first transform | ˜̂Ψ(t)⟩ into the
eigenbasis of O before extracting the expectation value.
To do so, we find | ˜̂Ψ(t)⟩ = ŨB | ˜̂Ψ(t)⟩, where ŨB is an
ϵB-approximation to the basis transformation UB from
the PWB to the eigenbasis of O. In the chemically
important case of O being a real-space observable, such
as a bond length or reaction yield, the basis-change is
a QFT, |Ψ̃(t)⟩ = qft† | ˜̂Ψ(t)⟩. The objective is then to
estimate the expectation value

⟨O⟩ = ⟨Ψ(t)|O |Ψ(t)⟩ (371)

of the observable O to additive error ϵ. This can be
done by estimating ⟨Ψ̃(t)|O |Ψ̃(t)⟩ using either of two
schemes.

The first, shot-noise-limited scheme is to directly
sample bit-strings, representing eigenstates of O, from
O(σ2/ϵ2) copies of |Ψ̃(t)⟩, where σ2 = ⟨O2⟩ − ⟨O⟩2 is
the variance of the observable. If σ2 is unknown, one
may use ∥O∥2 as an upper bound. Then, ⟨O⟩ is esti-
mated as the sample mean of the set of expectation
values {⟨xi|O |xi⟩}, where |xi⟩ are the bit-strings sam-
pled from |Ψ̃(t)⟩.
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0

W̃†

| ˜̂Ψ(0)⟩

Figure 4. Circuit for the propagator Ũprop via bidirectional QSP.

The second scheme is to use quantum amplitude es-
timation (QAE) [72], a Heisenberg-limited approach.
Doing so assumes access to an approximate unitary
block-encoding ŨO of O, with rescaling factor λO. Us-
ing this block-encoding and unitaries to obtain |Ψ̃(t)⟩,
we construct a Grover-like walk iterate and estimate
⟨Ψ̃(t)|O |Ψ̃(t)⟩ up to error ϵ using quantum phase esti-
mation with O (λO/ϵ) queries to the iterate’s controlled
version, applied to |Ψ̃(t)⟩.

Depending on ϵ, σ2, and the cost of block-encoding
the observable O, either scheme may be more efficient.
For low-precision calculations, sampling may be ade-
quate. By contrast, for high-precision calculations, QAE
asymptotically provides a quadratic improvement in the
precision. The exact cross-over point in ϵ for which QAE
is more efficient depends on the type of dynamics and
the nature of the observable. The choice of scheme there-
fore depends on a tradeoff between query complexity
and cost per query for each scheme. The quadratically
better query complexity for QAE comes at the cost of
having to construct the iterate, which we now discuss.

A. Quantum amplitude estimation

To estimate ⟨O⟩ via QAE, we use the scheme of [31].
It requires a (λO, qO, ϵO)-block-encoding of O, i.e., a
unitary ŨO such that∥∥∥O − λO (⟨0qO | ⊗ I) ŨO (|0qO ⟩ ⊗ I)

∥∥∥
∞
≤ ϵO, (372)

where λO ≥ ∥O∥∞ is a rescaling factor and qO is the
number of block-encoding ancillas, which depends on
the observable and choice of block-encoding. Therefore,∣∣∣⟨O⟩ − λO (⟨0qO | ⊗ ⟨Ψ̃(t)|

)
ŨO

(
|0qO ⟩ ⊗ |Ψ̃(t)⟩

)∣∣∣ ≤ ϵO,
(373)

meaning we can estimate ⟨Ψ̃(t)|O |Ψ̃(t)⟩ to within ad-
ditive error ϵO by computing the overlap between
ŨO |0qO ⟩ ⊗ |Ψ̃(t)⟩ and |0qO ⟩ ⊗ |Ψ̃(t)⟩ and multiplying
it by λO.

Estimating the overlap between two states is a stan-
dard QAE task [72]. QAE involves performing quan-
tum phase estimation (QPE) on the walk unitary W̃ =

−R̃2R̃1, where, in our case, the reflections are

R1 = I − 2 |Ψ̃(t)⟩ ⟨Ψ̃(t)| ⊗ |0qO ⟩ ⟨0qO | (374)

R2 = I − 2ŨO

(
|Ψ̃(t)⟩ ⟨Ψ̃(t)| ⊗ |0qO ⟩ ⟨0qO |

)
Ũ†
O. (375)

Given the block-encoding ŨO and the state |Ψ̃(t)⟩ which

is prepared by the unitary

Ũ = ŨBŨpropŨISP, (376)

we construct

W̃ = (ŨOŨR(2)
0 Ũ†Ũ†

O)︸ ︷︷ ︸
R2

(ŨR(1)
0 Ũ†)︸ ︷︷ ︸
R1

, (377)

where R(1)
0 = 2 |0⟩ ⟨0| − I is a reflection around the

all-zeros state on the output register of Ũ† and R(2)
0

is a reflection around the all-zeros state on the output
register of Ũ†Ũ†

O. For a projector observable, O2 = O,
the reflection R1 can be implemented more efficiently as
a (−Z) gate controlled on the value of the ancilla qubit
of the block-encoding of the observable (the flag qubit
in Fig. 5), which has no Toffoli cost.

Within the two-dimensional subspace spanned by

|ω⟩ = |Ψ̃(t)⟩ ⊗ |0⟩ (378)

|ω⊥⟩ = ŨO |ω⟩ − (1/λO)O |ω⟩√
1− ⟨O2⟩/λ2O

, (379)

W̃ acts as the rotation eiθ̃Y and has eigenvectors

|ω±⟩ = (|ω⟩ ± i |ω⊥⟩)/
√
2 (380)

with associated eigenvalues e±2iθ̃, where

θ̃ = arccos(⟨Ψ̃(t)|Õ|Ψ̃(t)⟩/λO), (381)

with Õ = λO
(
⟨0k| ⊗ I

)
ŨO

(
|0k⟩ ⊗ I

)
. By estimating

the phase θ̃ to precision ϵQAE/λ0, we obtain an estimate

⟨̃Õ⟩ of the expectation value that satisfies

|⟨Ψ̃(t)|O|Ψ̃(t)⟩ − ⟨̃Õ⟩| ≤ ϵQAE + ϵO = ϵmeas. (382)

Using phase doubling [67], this can be done using 2s−1 =
λO/(2ϵQAE) calls to the multiplexed walk operator

|0⟩ ⟨0| ⊗ W̃ † + |1⟩ ⟨1| ⊗ W̃ , (383)

within QPE, where s = ⌈log (λO/ϵQAE)⌉ is the size of
the QPE ancilla register.

The ancilla cost of QAE is then

Canc(QAE) = s+ Canc(W̃ ) (384)

Canc(W̃ ) = Canc(R2) (385)

Canc(R2) = max{Canc(UOŨ), Canc(R(2)
0 )} (386)

Canc(ŨOŨ) = Canc(ŨO) + Canc(Ũ) (387)
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Canc(Ũ) = max{Canc(ŨISP)− 3ηnnext,

Canc(Ũprop)}+ 3ηnnext (388)

Canc(R(2)
0 ) = 3(ηenp + ηnn̄ISP) + q′O − 2, (389)

where q′O ≤ qO is the size of the subset of observable
block-encoding ancillas that needs to be reflected on and
where next = n̄ISP−np. Canc(ŨISP) and Canc(Ũprop) are
given in Eqs. (220) and (357). Canc(ŨO) depends on the
chosen block-encoding and is therefore not broken down
further. The Toffoli cost is

CToff(QAE) =
λO
2ϵ
CToff(W̃ ) (390)

CToff(W̃ ) = CToff(R2) + CToff(R1) (391)

CToff(R2) = 2(CToff(ŨO) + CToff(Ũ))

+ CToff(R(2)
0 ) (392)

CToff(R(2)
0 ) = 3(ηnp + ηnnext) + q′O − 1 (393)

CToff(R1) = 2CToff(Ũ) + CToff(R(1)
0 ) (394)

CToff(R(1)
0 ) = 3(ηnp + ηnnext)− 1 (395)

CToff(Ũ) = CToff(ŨB) + CToff(Ũprop)

+ CToff(ŨISP), (396)

where CToff(ŨISP) and CToff(Ũprop) are given in
Eqs. (221) and (359). In the above equations, we
used CToff(Ũ) = CToff(Ũ

†) and assumed we uncom-
pute ŨO via its standard inversion, so that CToff(ŨO) =

CToff(Ũ
†
O). The cost of ŨB depends on the observable

and is assumed to be efficient, which holds for the qft.
For a projector observable, O2 = O, one may simplify
the construction of R1, as we will see in Section VI B.

B. Example: Reaction yields and rates

Key chemical observables are reaction (or product)
yields, which are the probabilities that particular prod-
ucts are created in a reaction at a given time. They
determine whether chemical reactions occur or not and,
if computed as functions of time, how fast. This is
quantified by reaction rates, which can be estimated by
numerical differentiation of yields as functions of time
or from fits to a time-series of yields.

Here, we show how to efficiently estimate product
yields using our QAE scheme. We construct an explicit
and cheap block-encoding of the yield observable with
a Toffoli cost of O(n2p) that can be exactly synthesized
using standard quantum arithmetic circuits.

Chemical reaction products can be identified through
reaction (or product) channels [41], which are non-
overlapping regions that cover the space of nuclear co-
ordinates R, as in Fig. 7. A reaction channel S can be
assigned the projector observable

ΠS =
∑
R∈S

|R⟩ ⟨R| . (397)

Because reaction channels partition the space of nuclear
positions, these projectors form an orthogonal and com-

plete set, ΠSΠS′ = δSS′ΠS and
∑

S ΠS = I. For the

real-space wavefunction |Ψ̃(t)⟩ = qft† | ˜̂Ψ(t)⟩, the yield
for channel S is the probability

⟨ΠS⟩ = ⟨Ψ̃(t)|ΠS |Ψ̃(t)⟩ (398)

that the dynamics yields the associated outcome upon
measuring the positions of the nuclei. The completeness
of the projectors ensures that

∑
S⟨ΠS⟩ = 1.

We consider reaction channels to be determined by
cutoffs in pairwise internuclear distances. This approach
loses no generality because, especially at long times,
chemical products can be determined by the distances
between nuclei. We define reaction channel S as a region
of real-space nuclear coordinates R determined by Bj ≤
ηn(ηn − 1)/2 constraints Cj,k(R) (with 1 ≤ k ≤ Bj) on
distances between pairs of nuclei, which must be either
smaller or larger than a cutoff bj,k,

Cj,k(R) ∈ {Xj,k(R),¬Xj,k(R)}, (399)

where

Xj,k(R) = B
(∥∥Rαj,k

−Rβj,k

∥∥
2
> bj,k

)
, (400)

with B denoting the boolean truth value. That is,
Cj,k(R) = Xj,k(R) if nuclei αj,k and βj,k are required to
be further than bj,k apart (corresponding to unbonded
atoms) and Cj,k(R) = ¬Xj,k(R) otherwise (correspond-
ing to bonded atoms). Reaction channel S is then

S = {R | I(R, S) = 1}, (401)

where the indicator function I(R, S) indicates whether
R is in S,

I(R, S) =
∧

k≤Bj

Cj,k(R) =

{
1, if R ∈ S,
0, if R /∈ S. (402)

To estimate the yield using our QAE measurement
protocol, we define a (1, 1, 0)-block-encoding UΠS

of the
observable ΠS such that

ΠS = (⟨0| ⊗ I)UΠS
(|0⟩ ⊗ I) . (403)

This block-encoding is of the form

UΠS
=
∑
R

|R⟩ ⟨R|data ⊗X
I(R,S)⊕1
flag , (404)

where X is the Pauli-X gate and where ⊕ is logical
xor. I(R, S) can be evaluated efficiently, since only a
polynomial number of bond distances need to be checked
(Bj = O(η2n)) and each inequality test takes time poly-
nomial in np. UΠS

can then be exactly synthesized by a
quantum circuit that computes the function

B
( ∑
w∈{x,y,z}

(Rαj,k,w −Rβj,k,w)
2 > b2j,k

)
(405)

for relevant nuclear pairs and stores the outcome in
the flag register. We do so using a quantum-arithmetic
circuit that, in order, component-wise subtracts the
position coordinates, sums the squares of the differences,
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ext

W̃ΠSdata

flag

= Ũ†
ISP

R(QAE)
0

ŨISP

U†
ΠS

q̃ft Ũ†
prop Ũprop q̃ft†

UΠS

Figure 5. Circuit for the controlled iterate W̃ΠS on which we perform QAE to estimate a quantum yield with respect to
the real-space final state |Ψ̃(t)⟩. The controls on Ũprop, ŨISP, q̃ft and UΠS are dropped as depicted. Ancilla qubits are not
shown, except the QAE ancilla “flag” and the exterior grid ancillas “ext”, which continue throughout the circuit.

. . .

. . .

. . .

. . .

. . .

. . .

|0s⟩QAE Had⊗s q̃ft†
...

|0⟩⊗3ηnnext

ext
ŨISP

W̃ΠS
W̃ΠS

W̃ 2s−2

ΠS
|0⟩⊗Cdata

data
Ũprop q̃ft†

UΠS|1⟩flag

Figure 6. Circuit for the dynamics algorithm applied to yield estimation, composed of initial state preparation ŨISP, dynamics
Ũprop, and amplitude estimation via the QAE iterate W̃ΠS , implemented using QPE with phase doubling. Ancilla qubits are
not shown, except the QAE ancilla “flag” and the exterior grid ancillas “ext”, which continue throughout the circuit.

and tests the inequality against the classical constant
b2j,k. The flag register is then flipped when the conditions
are not satisfied, which we do via a not gate controlled
on the outcomes of all the inequality tests. We give an
explicit construction in Appendix J, which has cost

Canc(UΠS
) = 3n2p − np (406)

CToff(UΠS
) = 3Bj(2n

2
p + 2np − 3) + 3nnuc(np − 2)− 1

(407)

for checking the Bj nuclear pairs, involving nnuc nu-
clei. In the worst case, Bj = O(η2n), which would give
CToff(UΠS

) = O(η2nn2p). In practice, Bj is small and
independent of system size, giving a small Toffoli cost of
CToff(UΠS

) = O(n2p). Hence, the cost of UΠS
is usually

negligible compared to other parts of the algorithm.

Given the above (1, 1, 0)-block-encoding UΠS
, we con-

struct the QAE iterate W̃ΠS
for the special case of a

projector observable such as a yield, where the subspace
defined by ΠS can be flagged using the block-encoding
ancilla of UΠS

. Using this flag qubit enables a simpler
construction of the reflection R1 as

R1 = I − 2Idata ⊗ |0⟩ ⟨0|flag = I ⊗ (−Z). (408)

Then, given the unitary

Ũ = ˜qft†ŨpropŨISP, (409)

we construct the QAE iterate for yield estimation as

W̃ΠS
= (UΠS

ŨR(QAE)
0 Ũ†U†

ΠS
)(I ⊗ (−Z)), (410)

where R(QAE)
0 = 2 |0⟩ ⟨0| ⊗ |0⟩ ⟨0|flag − I is the reflec-

tion around the all-zeros state on the output register
of U†

ΠS
Ũ†. The circuit implementation of a controlled

version of W̃ΠS
is shown in Fig. 5.

Given access to the state |Ψ̃(t)⟩, the ancilla cost of
estimating ⟨Ψ̃|(t)|ΠS |Ψ̃(t)⟩ up to additive error ϵ is

Canc(QAE(ΠS)) = s+ Canc(W̃ΠS
) (411)

Canc(W̃ΠS
) = 1 + 3ηnnext +max{Canc(UΠS

)− 1,

Canc(Ũprop), Canc(ŨISP)− 3ηnnext,

Canc(R(QAE)
0 )} (412)

Canc(R(QAE)
0 ) = 3(ηenp + ηnn̄ISP)− 1, (413)

with Canc(UΠS
) given in Eq. (406), Canc(Ũprop) given

in Eq. (357) and Canc(ŨISP) given in Eq. (220). In
Canc(W̃ΠS

), the first two terms—1 + 3ηnnext—account
for the QPE flag ancilla and the exterior grid ancillas,
which continue throughout the circuit.

The Toffoli costs are

CToff(QAE(ΠS)) = CToff(W̃ΠS
)/2ϵ (414)

CToff(W̃ΠS
) = 2(CToff(UΠS

) + CToff(Ũ))

+ CToff(R(QAE)
0 ) (415)

CToff(Ũ) = CToff(q̃ft) + CToff(Ũprop)

+ CToff(ŨISP) (416)

CToff(R(QAE)
0 ) = 3ηenp + 3ηnn̄ISP, (417)
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where CToff(UΠS
) is given in Eq. (407) and [64]

CToff(q̃ft) = 4n(log(n/ϵqft)− 2)

+ 0.6 log (n log (n/ϵqft) /ϵqft) . (418)

This protocol, shown in Fig. 6, computes the yield of a
single reaction channel. To compute all yields, one can
either run a separate computation for each channel or
use more sophisticated methods for extracting multiple
expectation values [73], which offer a quadratic improve-
ment of the cost in the number of observables compared
to running QAE for each channel separately.

VII. TOTAL COST AND ERROR BUDGET

We have presented complete descriptions of all stages
of our algorithm from ISP to dynamics to measurement.
For each stage, we have bounded the relevant sources
of error and given asymptotic as well as constant-factor
costs in terms of the relevant parameters. Here, we
briefly summarize these costs and give a bound on the
error of the expectation value of the final observable,
ϵ = |⟨̃Õ⟩ − ⟨O⟩|, in terms of errors for all stages.

A. Algorithm costs

The space costs of the algorithm consist of the number
of logical qubits to store the molecular wavefunction and
of the number of ancilla qubits. The memory cost of
storing the wavefunction is

Cdata(A) = 3ηnp + ηe, (419)

as given in Eq. (70). The ancilla cost is the maximum
number of ancillas required at any stage of the algorithm,

Canc(A) = Canc(QAE), (420)

where Canc(QAE) is given in Eq. (384). The time cost
is given by the number of Toffoli gates required,

CToff(A) = CToff(Ũ) + CToff(QAE), (421)

where CToff(Ũ) and CToff(QAE) are given in Eqs. (390)
and (396). The constant-factor expansion of CToff(A) in
terms of the algorithmic subroutines is given in Table 3.

B. Error budget

In our algorithm, the precise computational cost can
be given for every step, given a desired error ϵ in
⟨O⟩ = ⟨Ψ(t)|O |Ψ(t)⟩, which depends on the accumu-
lated errors in all stages of the algorithm. In Appendix K,
we show that our algorithm can estimate ⟨O⟩ of any
observable with a (λO, qO, ϵO)-block encoding, where
λO ≥ ∥O∥∞, to an error

ϵ = 2λO(ϵISP + ϵprop + ϵB) + ϵmeas, (422)

where ϵISP, ϵprop, ϵB , and ϵmeas are the subroutine errors
of, respectively, ISP, time evolution, basis transforma-
tion, and measurement.

Given a target ϵ, to calculate the total cost of the
algorithm using Table 3, one must assign an appropriate
error budget, i.e., choose values of ϵISP, ϵprop, ϵB, and
ϵmeas that satisfy

2λO(ϵISP + ϵprop + ϵB) + ϵmeas ≤ ϵ. (423)

To minimize the cost of the algorithm, it is in general
advisable to allocate most of the error budget to ϵmeas,
because of the query complexity of the QAE. Moreover,
the costs of UISP and Uprop are only logarithmically
sensitive to their errors, see Eqs. (223) and (370). In
general, the allocation of the error budget is an opti-
mization problem whose more detailed solution we leave
for future work.

C. Overall asymptotic scaling

The asymptotic Toffoli cost of our algorithm to esti-
mate the expectation value of a unit-norm observable
(such as a yield) is

CToff(A) = Õ
(
(λHtη + η2n + ηeNMOB + ηnNSMB)/ϵ

)
,

(424)
where (see Eqs. (236) and (237))

λH = O
(
η
N

2/3
grid

Ω2/3
+ η2

N
1/3
grid

Ω1/3

)
(425)

and the factors NMOB and NSMB are lower-bounded by
ηe and ηn, respectively. The notation Õ(·) suppresses
polylogarithmic factors.

Hence, this work is the first end-to-end algorithm for
quantum simulation of chemistry with a complexity sub-
linear in the grid size Ngrid, scaling as O(N2/3

grid). We
achieve this end-to-end scaling by combining our expo-
nentially faster method for ISP with the qubitization-
based approach to dynamics. Low scaling in Ngrid is
critical for first-quantized simulation because Ngrid ≫ η.

Dropping the subdominant terms, we can write

CToff(A) = Õ(ηλHt/ϵ) (426)

= Õ
(
(η2K2

max + η3Kmax)t/ϵ
)
, (427)

where Kmax = π(Ngrid/Ω)
1/3. This scaling can be

rewritten in terms of the minimal set of input param-
eters {η, t, ϵ}. As discussed in Section IVA, resolving
arbitrary molecular wavefunctions is expected to require
Kmax = O(ϵ−1/3); in that case, we obtain

CToff(A) = Õ
(
η3t/ϵ4/3 + η2t/ϵ5/3

)
. (428)

However, if the assumptions given in Section IVA
are met and the Kmax of Eq. (65) is sufficient, then
Kmax = O(

√
log(1/ϵ)), giving the improved scaling of

CToff(A) = Õ
(
η3t/ϵ

)
.
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Subroutine Description Cost (Toffoli gates)

ãsp(x) Prepare arbitrary state of D(x) compu-
tational basis states, Eq. (74)

25/2(1 +
√
2)D(x)(b

(x)
asp + 1)1/2 + 2 log(D(x))(b

(x)
asp − 4)

SoSlat(x) Prepare linear combination of D(x) con-
figurations in ONB, Eq. (77)

D(x)(2 logD(x) + 3)

onb2mob Transform from ONB to MOB, Eq. (81) NMOB(2ηe + ⌈log(ηe + 1)⌉+ ηe⌈log(NMOB)⌉ − 4)

asym Antisymmetrize electrons, Eq. (85) 2(ηe − 1)(log n̄p + 1) + n̄p log n̄p(1 + log n̄p)(6 log n̄p + np + 1)/4

(W̃ (e))⊗ηe Transform electronic states from MOB
to PWB, Eq. (94)

ηeNMOBnp + 2ηe
∑NMOB

a=1

∑np

i=1

(
32(1 +

√
2)(b

(e)
rot + 1)1/2 ·

m
(e)
ai (m̄

(e)
ai )

1/2 + (8b
(e)
rot − 15)m

(e)
ai log(2m̄

(e)
ai )

)
onb2smb Transform from ONB to SMB, Eq. (128) NvibNSMB(⌈logNSMB⌉ − 2)

W̃ (n) Transform nuclear states from MOB to
PWB, Eqs. (138) and (140)

∑3ηn
i=1

(
NSMBnISP + 2

∑NSMB−1
µ=0

∑nISP
j=1

(
32(1 +

√
2)(b

(n)
rot + 1)1/2 ·

m
(n)
iµj(m̄

(n)
iµj)

1/2 + (8b
(n)
rot − 15)m

(n)
iµj log(2m̄

(n)
iµj)

))
Ũ lct

A−⊤ Lin. coord. transformation, Eq. (169) 9
2
η2
n(8n̄

2
ISP + 39n̄ISP − 8)− 3

2
ηn(8n̄

2
ISP + 35n̄ISP − 8)− n̄ISP

p̃k Phase kickback, Eq. (182) 3ηn(4n̄ISPbgrad+bgrad−2n̄ISP)+bgrad(1.149(log(bgradϵ
−1
PK))+9.2)/4

tc2sm⊗3ηn
n̄ISP

Convert from two’s complement to
signed magnitude, Eq. (184)

3ηn(n̄ISP − 2)

p̃repH Prepare state encoding Hamiltonian co-
efficents, Eq. (323)

nθ+η+4ηe+µT +5nη+6⌈log(2ηe)⌉+4br+3n2
p+13np+4nM(np+

1)− 6

p̃rep†
H Invert p̃repH , Eq. (324) nθ + Er(η) + µT + 5nη + 6np + 2Er(2ηe) + 6⌈log(2ηe)⌉+ 4br − 9

ctrl-selH Controlled application of Hamiltonian
terms, Eqs. (334) and (336)

18ηnp + 6η + 5np + 24np − 8

ctrl-R(W)
0 Controlled reflection around all-zeroes

on p̃rep†
H register, Eq. (353)

nη + 6np + nM + 2 ⌈log (2ηe)⌉+ 10

R(ϕj , γj) QSP single-qubit rotations, Eq. (360) 1
2
(0.56 log(1/ϵrot) + 5.3)

UΠS Indicator function for yields, Eq. (407) 3Bj(2n
2
p + 2np − 3) + 3nnuc(np − 2)− 1

R(QAE)
0 Controlled reflection around all-zeroes

on wavefunction register, Eq. (417)
3ηenp + 3ηnn̄ISP

qft QFT on n qubits, Eq. (418) 4n(log(n/ϵqft)− 2) + 0.6 log(n log(n/ϵqft)/ϵqft)

Ũ
(e)′

ISP Prepare electrons in MPS, Eq. (218) CToff(onb2mob) + CToff(asym) + CToff((W̃
(e))⊗ηe)

Ũ
(n)′

ISP Prepare nuclei in MPS and transform
to Cartesian coordinates, Eq. (219)

CToff(onb2smb) + CToff(W̃
(n)) + CToff(Ũ

lct
A−⊤) + CToff(p̃k) +

CToff(tc2sm⊗3ηn
n̄ISP

)

ŨISP Prepare initial state, Eq. (221) CToff(Ũ
(e)′

ISP ) + CToff(Ũ
(n)′

ISP ) + CToff(ãsp(en)
) + CToff(SoSlat

(en))

ctrl-W̃ Controlled qubiterate, Eq. (355) CToff(ctrl-selH)+CToff(p̃repH)+CToff(p̃rep†
H)+CToff(ctrl-R(W)

0 )

Ũprop Time evolution under H, Eq. (359) d̃CToff(ctrl-W̃) + (d̃+ 1)CToff(R(ϕj , γj))

QAE Quantum amplitude estimation for
yields, Eq. (414)

λOϵ
−1

(
CToff(R(QAE)

0 )+2CToff(ŨISP)+2CToff(Ũprop)+2CToff(UΠS )+

2CToff(qft)
)

A Calculate quantum yield, Eq. (421) CToff(ŨISP) + CToff(Ũprop) + CToff(qft) + CToff(QAE)

Table 3. Constant-factor Toffoli costs for all subroutines of the dynamics algorithm A when used to evaluate a quantum yield.

VIII. APPLICATION TO PHOTOCHEMISTRY

Fully quantum-dynamical simulations are most impor-
tant for chemical reactions involving strong correlations
between the nuclei and the electrons, a common occur-
rence in photochemistry. For this reason, we analyze
the cost of our approach for simulating photochemical
processes, with a focus on the particularly challenging
computational problem of photodissociation (or photol-
ysis), i.e., the photoinduced splitting of a molecule into

fragments. A typical photochemical process begins by
photoexcitation, i.e., a molecule in the electronic ground
state absorbing a photon and being promoted to an
excited state. The large amount of absorbed energy
induces molecular dynamics, which can result in the
molecule relaxing to a lower state or dissociating. If the
molecule has dissociated, the relevant observable is the
photodissociation quantum yield, the probability of a
given bond breaking after photon absorption.

In particular, we focus on atmospheric photochem-
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Figure 7. Example of a photodissociation reaction that can be simulated by our algorithm. A molecule of methyl hypobromite,
CH3OBr, is prepared in a photoexcited state and time-evolved. The nuclear positions R can be measured to give the bond
lengths ∥RBr −RO∥ and ∥RO −RC∥, which determine which of the three color-coded reaction channels the measured nuclear
configuration belongs to.

istry as a promising application. Most of the Earth’s
atmospheric chemistry is driven by photochemical pro-
cesses, including those involving greenhouse gases, ozone
depletion, and smog. Understanding their rates, yields,
and mechanisms would improve our ability to reduce pol-
lution and construct more accurate climate models [74].

Simulating atmospheric photochemistry is likely to be
a promising problem for quantum computers to achieve
a computational advantage. The widespread breakdown
of the BO approximation means that numerically exact,
fully quantum calculations of quantum yields on classi-
cal computers are prohibitively expensive for all but the
smallest molecules [75]. By contrast, on a quantum com-
puter, atmospheric photochemical reactions are ideally
suited for our algorithm because they occupy a favorable
regime for each of the three parameters that determine
the scaling Eq. (428). First, atmospheric molecules are
small (small η), while still being too large to be clas-
sically tractable in most cases. Second, photoinduced
dynamics is ultrafast (small t), often occurring within
tens to hundreds of femtoseconds [76]. And third, yields
and other dynamical observables can usually be com-
puted with relatively high errors (large ϵ, of as much as
tens of percentage points) [77] while still being useful
for studying photochemistry.

The molecules chosen as examples (Table 4) are all
involved in important atmospheric processes, but their
full quantum simulation is classical intractable.

Methane (CH4) is a major greenhouse gas that is
depleted from the atmosphere by photodissociation after
absorption of UV radiation in the upper atmosphere [78].
The dominant reaction pathway is

CH4
∗ −−→ CH3 +H, (429)

where the star indicates that the molecule is in an
excited state. Photodissociation of methane proceeds
through a manifold of closely spaced excited states, in-
volving strong nonadiabatic couplings, which makes its
full molecular dynamics intractable on classical comput-
ers, despite its small size [79].

Three of the molecules photodissociate to form reac-
tive oxygen species that work as cleaning agents in the
atmosphere, removing pollutants and greenhouse gases
such as methane and carbon monoxide. The Criegee in-
termediate CH2OO [80–83] commonly photodissociates
by breaking the bond between the oxygen atoms,

CH2OO∗ −−→ H2CO+O, (430)

The photodissociation of peroxynitric acid (HNO4) [84–
87] and C5-hydroperoxyaldehyde (C5-HPALD) [88–90]
are important sources of hydroxyl radicals (OH•):

HNO4
∗ −−→ NO3

• +OH•, (431)
C5H8O4

∗ −−→ C5H7O3
• +OH•, (432)

where the dot indicates a radical. Both O and OH• are
reactive species that degrade atmospheric pollutants.

Our test set also includes four halogenated compounds.
Through photodissociation, these species release halo-
gen radicals that deplete the ozone layer and lead to
the formation of long-lived greenhouse gases. The pri-
mary photodissociation channel of trifluoroacetic acid
(CF3CO2H) is

CF3CO2H
∗ −−→ CF3

• +COOH•, (433)

where trifluoromethyl radicals (CF3
•) are precursors to

greenhouse gasses such as CF3H (HFC-23) [91]. Pho-
todissociation of methyl hypobromite (CH3OBr) [92],

CH3OBr∗ −−→ CH3O
• +Br•, (434)

and bromoacetaldehyde (BrCH2CHO) [93],

BrCH2CHO∗ −−→ CH2CHO• +Br•, (435)

can produce bromine radicals that contribute to ozone
depletion as well as DNA damage. Similarly damaging
are chlorine radicals released through the photodissocia-
tion of refrigerants such as HCFC-132b [94],

CF2ClCH2Cl
∗ −−→ CF2ClCH2

• +Cl•. (436)

The final molecule is cyclobutanone (C4H6O), which
can photodissociate into the fragments

C4H6O
∗ −−→ C3H6 +CO. (437)

Accurately simulating the photodissociation of cyclobu-
tanone, a small, organic molecule, challenges mature
classical approaches to chemical dynamics [95–98].

A. Resource estimation

To model photoexcitation, we use the Condon ap-
proximation, which assumes that the electronic transi-
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Logical qubits Toffoli gates (CToff)

Molecule η L
(a0)

∆L
(10−2a0)

λH
(105Eh)

State
storage
(Cdata)

Ancilla
qubits
(Canc)

Total Nuclear
state
prep.
(109)

Electronic
state
prep.
(109)

Time
evolu-
tion
(1012)

Quantum
yield us-
ing QAE
(1012)

CH4 15 392 4.78 0.85 585 3189 3774 2.79 0.10 1.89 32.1

CH2OO 29 298 3.64 4.09 1131 3385 4516 3.32 0.42 18.9 322

C4H6O 49 595 3.63 7.98 2058 3811 5869 7.39 0.98 60.1 1002

HNO4 46 276 3.37 9.60 1794 3542 5336 3.84 0.56 64.0 1009

CF3CO2H 64 473 2.89 20.1 2688 3904 6592 4.88 1.69 191 3240

C5-HPALD 78 1066 3.25 19.9 3510 4289 7799 9.87 2.19 239 4070

HCFC-132b 74 520 1.59 64.4 3330 4243 7573 4.72 3.43 742 12 600

CH3OBr 58 523 0.80 150 2496 4512 7296 4.12 1.25 1350 22 900

BrCH2CHO 65 509 0.78 181 3120 4578 7698 4.10 1.70 1810 30 700

Table 4. Resource estimates for simulating photodissociation yields in molecules whose full quantum dynamics is classically
intractable. η is the total number of particles (electrons and nuclei), L is the length of one side of the computational cell,
∆L = L/N is the spacing of the grid points in real space, and λH is the block-encoding parameter. We give both space and
time resources for our algorithm, with the qubit counts divided into qubits to store the state (Cdata) and the ancillas (Canc).
The Toffoli gate counts for time evolution indicate one dynamics run for simulation time t = 30 fs, and the QAE counts give
the cost of calculating the quantum yield to accuracy ϵ = 0.095 (involving multiple simulations of the dynamics).

tion from ground to excited state is fast compared to
nuclear dynamics [99]. The Condon approximation is
typically accurate for small molecules excited by ultra-
violet/visible (UV-Vis) light [41, 100]. Then, the state
of the nuclei can be treated as unchanged during the
electronic transition and the initial photoexcited state
at t = 0 is the product state

|Ψ(0)⟩ = |Ψ(n)⟩|Ψ(e)∗⟩, (438)

where |Ψ(e)∗⟩ is an electronic excited state. We model
|Ψ(e)∗⟩ as the state obtained by a single electron being
promoted from the highest occupied molecular orbital
(HOMO) to the lowest unoccupied molecular orbital
(LUMO). For the nuclear state |Ψ(n)⟩, we assume the
molecule is in the ground vibrational state of its elec-
tronic ground state (i.e., a multivariate Gaussian) and
model it using a VHP. This assumption is valid because
most vibrational modes have minimal excited-state pop-
ulations at atmospherically relevant temperatures.

We estimate the resources needed for calculating the
yield ⟨Ψ(t)|ΠS |Ψ(t)⟩ up to an additive error ϵ = 0.095.
This error budget is divided between ϵISP, ϵprop and ϵQAE

as in Eq. (422). The errors are allocated as described
in Section VII, with the majority allocated to ϵQAE =
0.0625 and the majority of the remainder to ϵISP = 0.015,
leaving ϵprop = 0.00125. We allocate more error to
ϵISP than to ϵprop because the cost is more sensitive
to ϵISP; in particular, a larger ϵISP permits a smaller
momentum cutoff Kmax, which reduces the number of
qubits required and the costs of time evolution. Finally,
ϵISP is distributed among the nuclear and electronic
errors so that the bounds in Eq. (208) are satisfied.

To gather the input data that specifies |Ψ(n)⟩, we
perform a geometry optimization and a Hessian calcu-
lation using second-order Møller-Plesset perturbation
theory (MP2) with the cc-PVDZ basis set, yielding the
equilibrium geometry R(0) and ground-state Hessian

He1. We use the Psi4 software package [101]. The Hes-
sian is diagonalized to obtain the frequencies ωi and
the matrix O. This information is used to compute d
and A in Eq. (108), and the frequencies are rescaled
by ωi → d2iiωi. To ensure that the rotational states
(see Eq. (25)) only have support over a small region of
the simulation grid, we set Υτ = maxi ωi for all τ . For
the translational states, we set Γτ = mini ωi for all τ .
Because |Ψ(n)⟩ is a multivariate Gaussian, we prepare it
using the SSCT approach in Section IV C 3.

With the nuclear states known, L is selected as the
smallest value that satisfies Eq. (194). With L decided,
K

(n)
iµ and Miµ are solved for with Eqs. (52) and (58).

For |Ψ(e)∗⟩, the parameters that specify the molecular
orbitals χa (see Section II A) are found using a restricted
Hartree-Fock (RHF) calculation with the 3-21G basis
set with the nuclei fixed at R(0) using the PySCF soft-
ware package [102]. The K(e)

a and Ma are determined
numerically using the approach from [24], as discussed
in Section IIIA; in particular, K(e)

a is increased until
the error from the resulting approximation to |Ψ(e)∗⟩
satisfies the target error.

With K
(n)
iµ and K

(e)
a determined, Kmax, N , and np

are computed. We obtain npad using Eq. (173). Finally,
we estimate the error ϵtrim from trimming the nuclear
wavefunction using Eq. (186). Based on NMC = 109

Monte Carlo samples, ϵtrim ≤ 10−4 with confidence
0.99999. We therefore take ϵtrim = 10−4.

For consistent comparison, we estimate the cost of
calculating each photodissociation yield at t = 30 fs after
photoexcitation. This t is chosen to exceed the inverse
of typical atmospheric photodissociation rates [88]. In
practice, the required simulation time would not be
known a priori and the simulation would be repeated
with longer durations to construct a time series.

To calculate yields, photodissociation reaction chan-
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nels are characterized as described in Section VI B and
illustrated in Fig. 7. In the following, we use CH3OBr
as the illustrative molecule, but identical methods were
applied to the others. As shown in Fig. 7, three reaction
channels are important for CH3OBr, each corresponding
to a different photodissociation outcome. Formation of
Br• according to Eq. (434) corresponds to the reaction
channel characterized by the inequalities

∥RBr −RO∥2 ≥ bBrO (439)
∥RO −RC∥2 ≤ bOC, (440)

where bBrO and bOC are the bond-dissociation cutoff
distances, which we set to be 0.4 a0 larger than the
corresponding equilibrium bond lengths.

We estimate the cost of measuring the yield
⟨Ψ(t)|ΠS |Ψ(t)⟩ using the protocol in Section VI B. For
CH3OBr, the indicator function I(R, S) for the desired
photodissociation channel is

I(R, S) = B (∥RBr −RO∥2 ≥ bBrO)

∧ B (∥RO −RC∥2 ≤ bOC) . (441)

We implement the corresponding block-encoding UΠS

and perform phase estimation on the iterate W̃ΠS
.

B. Results

Table 4 provides resource estimates for computing
the photodissociation yield of the molecules above. Of
the molecules considered, the total number of particles
η (electrons and nuclei) ranges from 29 to 78. The
molecules require 3774–7698 logical qubits and 3.2 ·1013–
3.07 · 1016 Toffoli gates to calculate the yields.

As expected, molecules with more particles require
more logical qubits, both for state storage (Cdata) and
for ancillas (Canc). However, Canc is consistently high
across all systems, increasing slowly increase with η. The
high Canc arise primarily from time evolution, because
qubitization requires many ancilla qubits.

To satisfy ISP error bounds, ∆L = O(0.01 a0) is typ-
ically needed. Features of nuclear wavefunctions are
typically much narrower than electronic length scales
and requires a smaller ∆L to resolve. For example,
in the ground state of a C–H vibration with frequency
3000 cm−1, the root-mean-square displacement is 0.15 a0.
In general, grid-based numerical simulations require spac-
ings an order of magnitude smaller than the narrowest
features that need to be resolved, which is consistent with
our result of ∆L = O(0.01 a0). Table 4 also shows that
∆L decreases with the mass of the heaviest nucleus, from
at least 2.9 · 10−2 a0 for molecules containing only first-
and second-row elements to 0.8 · 10−2 a0 for molecules
containing bromine. For a given spring constant, heav-
ier nuclei move less than lighter ones, meaning that
their wavefunctions are more sharply peaked, requiring
a smaller ∆L to resolve. By contrast, prior estimates
of necessary grid spacings for nuclear dynamics were
unrealistically large, including ∆L = 0.962 a0 [23].

IX. DISCUSSION

We have developed an end-to-end algorithm for simu-
lating full dynamics under the molecular Hamiltonian.
The algorithm incorporates three ingredients that have
not previously been combined in a single algorithm:
bounded-error preparation of general electronic and
nuclear initial states in first quantization, including
non-separable ones; time evolution under the molecular
Hamiltonian; and optimal measurement of dynamical
observables, such as photodissociation yields. Because
all sources of error are controlled, the final error in the
observable can be made arbitrarily small at a cost that
scales linearly in the inverse error. These are the first rig-
orous error bounds for a chemical-dynamics algorithm,
whether on classical or quantum computers.

Our algorithm offers an exponential improvement
over the best classical methods for chemical dynam-
ics. Our algorithm treats the full dynamics of both
electrons and nuclei without the BO approximation or
pseudopotentials, block-encodes the molecular Hamilto-
nian, and discretizes all degrees of freedom on a common
plane-wave grid. This yields a largely black-box proce-
dure for real-time chemical dynamics, in contrast to most
classical approaches. In the worst case, state-of-the-art
classical wavepacket techniques scale exponentially with
system size [1–8], whereas our quantum algorithm scales
polynomially in the number of particles, the time, and
the inverse target accuracy Eq. (428).

Small system sizes, short timescales, and low accuracy
requirements make photochemistry a compelling early
application for quantum computing. We show that we
can simulate the time evolution of classically intractable
reactions using O(1011) Toffoli gates for the entire reac-
tion duration. By contrast, da Jornada et al. [22] report
costs of O(1011) Toffoli gates per femtosecond of time
evolution, which amounts to O(1015) Toffoli gates for
the multi-picosecond catalytic timescales relevant for
their system of choice. We also show that we can sim-
ulate dynamical observables of interest, namely yields,
using O(1013)–O(1016) Toffoli gates and O(104) logical
qubits. This is comparable to the proposal to run fu-
sion stopping-power calculations using O(1013)–O(1017)
Toffoli gates and O(104)–O(105) logical qubits [21].

We anticipate order-of-magnitude reductions in cost
from future algorithmic improvements, as has been the
experience with quantum algorithms for electronic struc-
ture due to improvements in block-encoding techniques,
synthesis, and circuit compilation [103, 104]. For exam-
ple, we expect that costs could be reduced by allowing
different particles to occupy different grids, with finer
grids for heavier nuclei and coarser grids for lighter par-
ticles, especially electrons. Doing so would significantly
reduce λH and the overall cost. Similarly, our approach
of modeling rotational states with narrow Gaussians
requires a fine grid, which could be mitigated through a
more sophisticated approach.

In addition, we expect that, in practice, the cost of our
algorithm will be significantly smaller than the provable
error bounds we have given, which rely on worst-case
assumptions and overestimate the required resources.
Experience from classical dynamics and quantum simu-
lation shows that actual errors at a given discretization
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are typically far smaller than the worst-case guaran-
tees [105, 106]. Therefore, in practice, users will tune
grid spacings and other parameters until observables are
numerically converged, rather than until a worst-case
analytic error budget is met.

Our algorithm could extend straightforwardly to bi-
molecular and more complex processes. Two or more
reactants could be initialized in spatially separated re-
gions of the grid, each prepared in its own internal
quantum state and with a specified relative momentum.
The same approach to time evolution and measurement
then applies, including calculating yields.

Our photochemical examples identify a regime of
chemical simulation that satisfy three criteria for early
quantum advantage: classical hardness, quantum easi-
ness (small molecules, short timescales, and low required

error), and broad societal importance. As quantum
processors mature and anticipated algorithmic improve-
ments drive costs down, we expect that accurate simula-
tions of chemical dynamics will be among the earliest
applications of fault-tolerant quantum computers.
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Appendix A: Galerkin discretization

Here, we review the plane-wave-basis Galerkin discretization of the molecular Hamiltonian H = T + V of Eq. (1).
In the plane-wave basis of Section IV,

T =

η∑
j=1

N∑
p,q=1

T
(mj)
pq |p⟩ ⟨q|j (A1)

V =
1

2
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N∑
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V
(ζi,ζj)
pqrs |p⟩ ⟨s|i ⊗ |q⟩ ⟨r|j . (A2)

The one- and two-electron integrals have convenient closed forms [30]:
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∫
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2
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dr ei(kq−kp)·r = δp,q

∥kp∥2
2m

, (A4)

V
(ζiζj)
pqrs =

∫
dr1 dr2ϕ

∗
p(r1)ϕ

∗
q(r2)

(
ζiζj

∥r1 − r2∥

)
ϕr(r2)ϕs(r1) (A5)

=
4πζiζj

Ω ∥kp − ks∥2
∫
dr2e

i(kr−kq−(kp−ks))·r2 (A6)

=
4πζiζj

Ω

δkp−ks,kr−kq

∥kν∥2
(A7)

where kν = kp − ks = kr − kq ̸= 0. Combining these, we obtain Eq. (5).

Appendix B: Efficient normal-coordinate preprocessing

In this appendix, we prove Lemmas 1 to 3, which collectively establish that a given SM can be efficiently projected
onto a PWB and encoded as an MPS using a two’s-complement representation. In Appendix B 1, we prove Lemma 1,
which demonstrates that a given SM can be efficiently projected onto a PWB. In Appendix B 2, we prove Lemma 2,
which shows that the approximation from Lemma 1 has an efficient approximation as a polynomial that can be
encoded exactly as an MPS. In Appendix B3, we prove Lemma 3, which shows that the resulting MPS can be
efficiently expressed using a two’s-complement representation.

Throughout, we use Φiµ to denote an SM for a vibrational, translational, or rotational degree of freedom. In the
case of translational and rotational states, the indices iµ are substituted with τ .

1. PWB projection of SMs

Here, we prove Lemma 1, which demonstrates that Φiµ can be efficiently projected onto a PWB. The proofs
here and in Appendix B2 are similar to the one in Appendix B of [24], used to prove Eqs. (42) and (47). The
results of [24] apply to the present case with only minor modifications because the general strategy in [24] is to first
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express the Gaussian primitives that constitute an MO in terms of Hermite-Gaussians and then use the properties
of these functions to prove bounds, which aligns with our expansion of SMs in terms of Hermite-Gaussian primitives.
Therefore, instead of proving Lemmas 1 and 2 from scratch, we highlight which parts in Appendix B of [24] need to
be modified to apply to the present case.

Lemma 1. Let Φ̂iµ be an SM defined in Eq. (48), δ(n,t)iµ ∈ (0, 1), and K(n)
iµ ∈ R such that

K
(n)
iµ ≥

√
2ωi

√
2 ln((δ

(n,t)
iµ )−1) + ln

(
1√
2
+ 2

√
π

L
√
ωi

)
+ (Nhg − 1) ln(4(Nhg − 1)) + 5.4 . (B1)

Then there exists an approximation ˜̂
Φiµ to Φ̂iµ given by replacing K with Kcut as defined in Eq. (38), where K(n)

iµ is

the momentum cutoff, such that the error ϵ(n,t)iµ = D(Φ̂iµ,
˜̂
Φiµ) is bounded by ϵ(n,t)iµ ≤ δ(n,t)iµ .

Proof. We consider an SM

Φiµ(Q) =

Nhg−1∑
ν=0

c
(n)
iµν

1√
2νν!

(ωi

π

)1/4
e−ωiQ

2/2Hν (
√
ωiQ) , (B2)

whose projection onto a PWB is given in Eq. (48). We expand Φiµ(Q) in terms of Hermite-Gaussian functions

ψν(x) = cνe
−x2/2Hν(x), (B3)

where Hn(x) is the nth Hermite polynomial and the normalization constant is cn = (2nn!
√
π)

−1/2, as

Φiµ(Q) = ω
1/4
i

Nhg−1∑
ν=0

c
(n)
iµνψν(

√
ωiQ). (B4)

To evaluate Eq. (48), we must compute integrals of the form

ω
1/4
i

Nhg−1∑
ν=0

c
(n)
iµν

∫ ∞

−∞
duφ∗

k(u)ψν(
√
ωiu), (B5)

where we use the approximation that L may be taken to infinity. This integral can be evaluated using the change of
variables x =

√
ωiu and the fact that Hermite-Gaussian functions are eigenfunctions of the Fourier transform,

ω
1/4
i

Nhg−1∑
ν=0

c
(n)
iµν

∫ ∞

−∞

dx√
ωi
φ∗
k

(
x√
ωi

)
ψν(x) =

(
2π

L

)1/2
1

ω
1/4
i

Nhg−1∑
ν=0

(−i)νc(n)iµν ψν

(
k√
ωi

)
. (B6)

We use this result to write Eq. (48) as

Φ̂iµ(Q) =

√
2π

Ñ (n)
iµ ω

1/4
i

√
L

∑
k∈K

Nhg−1∑
ν=0

(−i)νc(n)iµν ψν

(
k√
ωi

)
ϕk(Q). (B7)

With this expression, we make contact with [24] by noticing that Eq. (B7) is the same as Eq. (B6) of [24] after
making the substitutions γ → ωi/2 and ℓ→ Nhg − 1. We define the approximation to Φ̂iµ as

˜̂
Φiµ(Q) =

√
2π

Ñ (n)
iµ N

(t)
iµ ω

1/4
i

√
L

∑
k∈Kcut

Nhg−1∑
ν=0

(−i)νc(n)iµν ψν

(
k√
ωi

)
ϕk(Q), (B8)

where N (t)
iµ is a normalization constant that ensures ∥ ˜̂Φiµ∥2 = 1.

The manipulations to be performed to arrive at the desired result are then almost identical to those used to prove
Lemma 4 in Appendix B of [24]. Analogous to Eq. (B45) in [24], we define

R =
∑

k∈K:|k|>K
(n)
iµ

∣∣∣∣ψn

(
k√
ωi

)
ψm

(
k√
ωi

)∣∣∣∣ . (B9)

We then apply the manipulations in Appendix B of [24] to the present case until Eq. (B58) of [24]. The analogous
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expression to Eq. (B58) of [24] is

R ≤ L
(
2π
L +

√
πωi/2

)
π3/2

e
−
(
K

(n)
iµ

)2
/2ωi

(
K

(n)
iµ√
ωi

)2l

2n/2√
n!

2m/2

√
m!

. (B10)

The main difference is that the powers of two do not cancel as they do in Eq. (B58) of [24]. Hence, the summation
of Eq. (B61) of [24] becomes in the present case:

N∑
n=0

N∑
m=0

2n/2√
n!

2m/2

√
m!

=

(
N∑

n=0

2n/2√
n!

)2

≤
( ∞∑

n=0

2n/2√
n!

)2

≤ 97

2
. (B11)

With this result in hand, the remainder of the proof is the same as in [24] through to the end of of Lemma 4.
Following these steps, we find that for a given δ(n,t)iµ and K(n)

iµ that satisfies

K
(n)
iµ ≥

√
2ωi

√
2 ln((δ

(n,t)
iµ )−1) + ln(97) + ln

(
1√
2
+ 2

√
π

L
√
ωi

)
− ln((Ñ (n)

iµ )2) + (Nhg − 1) ln(4(Nhg − 1)), (B12)

the approximation error ϵ(n,t)iµ = D(Φ̂iµ,
˜̂
Φiµ) is bounded by

ϵ
(n,t)
iµ ≤ δ(n,t)iµ , (B13)

meaning that SMs can be efficiently projected onto a PWB. We assume that Ñ (n)
iµ ≥ 2/3 so that we can group

ln((Ñ (n)
iµ )2) with ln(97) to give a cleaner bound,

K
(n)
iµ ≥

√
2ωi

√
2 ln((δ

(n,t)
iµ )−1) + ln

(
1√
2
+ 2

√
π

L
√
ωi

)
+ (Nhg − 1) ln(4(Nhg − 1)) + 5.4 (B14)

because ln(97)− ln((2/3)2) < 5.4. The assumption that Ñ (n)
iµ ≥ 2/3 is satisfied when our assumptions about the

integration bounds and Φiµ decaying to zero sufficiently fast hold, because then Ñ (n)
iµ ≈ 1.

2. MPS encoding of SMs

Here, we prove Lemma 2, which demonstrate that the PWB approximation to Φiµ resulting from Lemma 1 has
an efficient approximation as a polynomial that can be encoded exactly as an MPS.

Lemma 2. Let ˜̂
Φiµ be given as in Eq. (B8), δ(n,p)iµ ∈ (0, 1), and Miµ ∈ Z satisfy all of the following conditions:

Miµ ≥ 2, (B15)

Miµ ≥
eK

(n)
iµ√
2ωi

(
eK

(n)
iµ√
2ωi

+
√
2Nhg − 1

)
, (B16)

Miµ ≥
1

ln 2

(
4 ln

(
(δ

(n,p)
iµ )−1

)
− 2 ln

(
Ñ (n)

iµ

)
− 2 ln

(
N (t)

iµ

)
+ ln

(
K

(n)
iµ√
ωi

+
π

L
√
ωi

)
+ ln(Nhg)

)
+ 5. (B17)

Then there exists a degree-(Miµ − 1) polynomial approximation ˜̂
Φ

(poly)
iµ to ˜̂

Φiµ,

˜̂
Φ

(poly)
iµ =

∑
k∈Kcut

p(k)φk(x), (B18)

where
∥∥ ˜̂Φ(poly)

iµ

∥∥2
2
= 1, φk is the kth PWB basis function, and p(k) is a degree-(Miµ − 1) polynomial. The error of

the approximation, ϵ(n,p)iµ = D(
˜̂
Φiµ,

˜̂
Φ

(poly)
iµ ), is bounded by

ϵ
(n,p)
iµ ≤ δ(n,p)iµ . (B19)

Proof. Our proof of Lemma 2 is analogous to Lemma 5 in Appendix B of [24]. We start by using Lemma 9 from
Appendix B of [24], which states: “Let ψn(x) denote the nth Hermite-Gaussian function. Let C, λcheb ∈ R>0. For
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any Miµ ∈ Z such that Miµ satisfies the three conditions

Miµ ≥
eC√
2

(
eC√
2
+
√
2n+ 1

)
(B20)

Miµ ≥
2 lnλ−1

cheb

ln 2
(B21)

Miµ ≥ 1, (B22)

there exists a degree (Miµ − 1) polynomial p(x) such that |ψn(x)− p(x)| ≤ λcheb for all x ∈ [−C,C].” Using this
lemma, ∣∣∣∣ψν

(
k√
ωi

)
− pν

(
k√
ωi

)∣∣∣∣ ≤ λcheb, (B23)

for any k ∈
[
−K(n)

iµ ,K
(n)
iµ

]
so long as all of these conditions are satisfied:

Miµ ≥
eK

(n)
iµ√
2ωi

(
eK

(n)
iµ√
2ωi

+
√
2Nhg − 1

)
(B24)

Miµ ≥
2 lnλ−1

cheb

ln 2
(B25)

Miµ ≥ 2. (B26)

These inequalities are the same as Eq. (B95) of [24] after making the substitutions γ → ωi/2 and ℓ → Nhg − 1.
Then, we can use the manipulations in Lemma 5 of Appendix B of [24] without modification. Following these steps
through Eq. (B114) of [24], we obtain

λcheb ≤
1

4

(
δ
(n,p)
iµ

)2Ñ (n)
iµ N

(t)
iµ

(
2

(
K

(n)
iµ√
ωi

+
π

L
√
ωi

)
Nhg

)−1/2

. (B27)

Substituting this expression into the inequalities, we arrive at Eqs. (B15) to (B17).

To arrive at Eq. (58) of the main text, we let δ(n,t)iµ = δ
(n,p)
iµ = δ

(n,c)
iµ /2. By performing similar manipulations to

Eqs. (B20)–(B26) of [24], we combine all three conditions on Miµ into the more stringent condition,

Miµ ≥ e2
(
K

(n)
iµ

)2
/ωi. (B28)

Thus, if Eq. (B28) is satisfied, then all three inequalities in Eqs. (B15) to (B17) are satisfied.
The combined error from approximating Φ̂iµ as a PWB projection and approximating the projection as a

polynomial is

ϵ
(n,c)
iµ = D(Φ̂iµ,

˜̂
Φ

(poly)
iµ ) ≤ ϵ(n,t)iµ + ϵ

(n,p)
iµ ≤ δ(n,c)iµ , (B29)

where we used the triangle inequality. The resulting quantum state in the PWB,∣∣∣ ˜̂Φ(poly)
iµ

〉
=

∑
k∈Kcut

p(k)

∣∣∣∣kL2π
〉
, (B30)

can be efficiently encoded exactly as an MPS with bond dimension at most 2Miµ + 3 (Corollary 7 of [24]). Because
the MPS encoding is exact, the overall error of approximating Φ̂iµ as an MPS is also bounded by δ(n,c)iµ .

3. Two’s complement MPS representation

Here, we prove Lemma 3, which establishes that there is an efficient MPS representation of polynomials using a
two’s-complement representation of integers. This result complements the efficient MPS representation of polynomials
using signed-magnitude representation [24].

Lemma 3. Let

|ψ⟩ =
∑
k∈G

p(k) |k⟩TC , (B31)
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where p(k) is a polynomial of degree d and G =
[
−2n−1, 2n−1 − 1

]
∩ Z. The integers are represented in the

computational basis using a two’s-complement representation. Then, |ψ⟩ admits an exact MPS representation with
bond dimension at most M = 2d+ 4.

Proof. In an n-qubit two’s-complement representation, the most significant bit, sn−1, acts as the sign bit. The
integer k represented by the bitstring sn−1 . . . s0 is then

k = −sn−12
n−1 + y, (B32)

where y =
∑n−2

j=0 sj2
j is the integer value of the last n− 1 bits. We can partition |ψ⟩ based on the value of sn−1,

|ψ⟩ = |0⟩ ⊗ |ψ≥0⟩+ |1⟩ ⊗ |ψ<0⟩ . (B33)

When sn−1 = 0 (non-negative integers), k = y and |ψ≥0⟩ encodes the degree-d polynomial f(y) = p(y) in an
unsigned integer representation. When sn−1 = 1 (negative integers), k = −2n−1 + y and therefore |ψ<0⟩ encodes
the function g(y) = p(y − 2n−1) in an unsigned integer representation, which is also a polynomial of degree d in y.

As explained in [24], the tensorization of a degree-d polynomial on a grid of unsigned integers can be represented
by an MPS with bond dimension d+ 2. Therefore, both |ψ≥0⟩ and |ψ<0⟩ admit such representations. Prepending
these matrix product states with a qubit for the sign bit in the state |0⟩ or |1⟩ yields new MPSs with the same
maximum bond dimension. The full state |ψ⟩ is a direct sum of the two branches, which can be represented by
an MPS whose bond dimension is at most the sum of the bond dimensions of each branch. Thus, the total bond
dimension M satisfies M ≤ (d+ 2) + (d+ 2) = 2d+ 4.

Appendix C: Implementing Ũ−⊤
A

In this appendix, we provide details for implementing Ũ−⊤
A , and bound the resulting errors when the initial state

is a multivariate Gaussian. In Appendix C 1, we provide an algorithm to approximate Ulct
A−⊤ along with resource

estimates. In Appendix C 2, we derive a lower bound on npad. Finally, in Appendix C 3, we bound the error from
approximately implementing Ulct

A−⊤ and U ssct
A−⊤ when the nuclear state is a Gaussian.

1. Implementing Ũlct
A−⊤

In this section, we give details and resource estimates for implementing Ũlct
A−⊤ . Throughout, we use two’s

complement to represent integers.
The total cost to implement Ũlct

A−⊤ is

Canc(Ũ
lct
A−⊤) = max{Canc(UY), Canc(Ũ2DS), Canc(UJ), Canc(US)}

= 4n̄ISP − 3 (C1)

CToff(Ũ
lct
A−⊤) = CToff(UY) +NG(3CToff(U2DS) + CToff(UJ)) + CToff(US)

= 9
2η

2
n(8n̄

2
ISP + 39n̄ISP − 8)− 3

2ηn(8n̄
2
ISP + 35n̄ISP − 8)− n̄ISP (C2)

where U2DS refers to either US1(i,j,φij) or US2(i,j,φij), UJ is any UJ(i,j,θij), and US is any 3ηn-dimensional shear. We
derive the costs of the individual unitaries below.

Let ŨS be the unitary that implements a 3ηn-dimensional shear, as described in Eq. (157). ŨS can be either a
lower or upper shear. We implement ŨS by repeating the classically controlled multiplication (CCM) subroutine [61],
which performs the transformation

bij · · · |ni⟩ · · · |nj⟩ · · · → bij · · · |ni⟩exten · · · |nj⟩exten · · · (C3)
→ bij · · · |(ni + bijnj) cmodE⟩exten · · · |nj⟩exten, (C4)

where E = N̄ISP/2, N̄ISP = 2n̄ISP , n̄ISP = nISP+npad, and npad is the number of qubits that BISP is padded by. The
values bij are supplied as classical inputs and consist of n̄ISP bits to represent the integer part and r decimal bits.
The registers |ni⟩exten and |nj⟩exten are obtained by extending |ni⟩ and |nj⟩ with r additional bits to accommodate
fixed-point arithmetic [61]. After rounding, these additional r bits are uncomputed and discarded.

Because bij is truncated to finite precision when loaded onto the quantum computer, bijnj can round to a different
value than what would be computed using the exact value of bij , introducing an error. By selecting r = n̄ISP − 1,
we ensure that this error only occurs for grid points at the vertices of B̄ISP, and that bijnj rounds to within ±1 grid
point of the value obtained using the exact representation of bij [61]. We use this choice of r throughout.

A single instance of the CCM subroutine loops over n̄ISP controlled additions of two n̄ISP + r bit values followed
by a loop of depth r in which the lth iteration implements controlled addition acting on two l-bit values. The cost
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of one CCM is

Canc(ccm) = n̄ISP + 3r CToff(ccm) = n̄2ISP + 3n̄ISP + r

= 4n̄ISP − 3 = n̄2ISP + 4n̄ISP − 1. (C5)

To implement ŨS, 3ηn − i CCM operations are applied to the ith register, followed by a rounding operation, then
3ηn − i inverse CCM operations. We perform rounding using a controlled adder [61], which uses 2n̄ISP Toffoli gates
and n̄ISP ancillas. Repeating this routine over 3ηn − 1 registers yields the following resource costs:

Canc(ŨS) = Canc(ccm) CToff(ŨS) =

3ηn∑
i=1

(3ηn − i) · 2CToff(ccm) + (3ηn − 1) · 2n̄ISP (C6)

= 4n̄ISP − 3 = 9η2n(n̄
2
ISP + 4n̄ISP − 1)− 3ηn(n̄

2
ISP + 2n̄ISP − 1)− 2n̄ISP. (C7)

Ũ2DS is given by either ŨS1(i,j,φij) or ŨS2(i,j,φij). These unitaries transform the ith and jth subregisters by

ŨS1(i,j,φij) · · · |ni⟩ · · · |nj⟩ · · · = · · · |ni ⊕R(tijnj cmodE)⟩ · · · |nj⟩ · · · (C8)

ŨS2(i,j,φij) · · · |ni⟩ · · · |nj⟩ · · · = · · · |ni⟩ · · · |nj ⊕R(−sjini cmodE)⟩ · · · . (C9)

Thus, Ũ2DS is implemented by first applying a CCM operation, followed by a rounding operation, then an inverse
CCM. We perform rounding using a controlled adder that uses 2n̄ISP Toffoli gates and n̄ISP ancillas [61]. The bij in
Eq. (C3) are substituted with the appropriate tij and sij computed during the Givens decomposition. The cost of a
single approximate 2D shearing transformation is then

Canc(Ũ2DS) = Canc(ccm) CToff(Ũ2DS) = 2CToff(ccm) + 2n̄ISP

= 4n̄ISP − 3 = 2n̄2ISP + 10n̄ISP − 2. (C10)

When det(X) = +1, UY is the identity and no gates are applied. Otherwise, UY flips the sign of the first
coordinate,

UY|n1⟩|n2⟩ . . . |n3ηn
⟩ = |−n1⟩|n2⟩ . . . |n3ηn

⟩. (C11)

UY is implemented in two’s complement by inverting all n̄ISP bits of |n1⟩, adding one, and discarding the carry
bit. Inverting the bits can be done with n̄ISP not gates. Adding two n̄ISP-bit numbers uses n̄ISP Toffoli gates and
2n̄ISP ancillas [107], being n̄ISP ancillas to store the number being added and another n̄ISP to perform addition.
The resource requirements for UY are therefore

Canc(UY) = 2n̄ISP CToff(UY) = n̄ISP. (C12)

The action of UJ(i,j,θij) is

UJ(i,j,θij) · · · |ni⟩ · · · |nj⟩ · · · = · · · |sgn(θij)nj⟩ · · · |−sgn(θij)ni⟩ · · · . (C13)

Implementing UJ(i,j,θij) consists of swapping |ni⟩ and |nj⟩, and flipping the sign of one of the registers. The swap
can be performed with 3n̄ISP cnot gates and no ancillas. Inverting the sign uses the same resources as UY, giving:

Canc(UJ(i,j,θij)) = 2n̄ISP CToff(UJ(i,j,θij)) = n̄ISP. (C14)

2. Bounding npad

Here, we derive lower bounds on npad that ensures zero error from modular addition for both Ũlct
A−⊤ and Ũ ssct

A−⊤ .

a. Bounding npad for Ũ lct
A−⊤

Here, we derive a bound on npad for Ũlct
A−⊤ . To do so, we examine how the initial grid BISP = [−NISP/2, NISP/2−

1]3ηn ∩ Z3ηn given in Section IV C 3 transforms under Ũlct
A−⊤ .

To begin, we write Ũlct
A−⊤ as

Ũlct
A−⊤ =

(
β+1∏
l=1

ŨFl

)
, (C15)
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where ŨFl
is lth sequential unitary of Eq. (160), Fl is the matrix associated with ŨFl

, and β = 18η2n − 6ηn + 1 is
the number of unitaries in Eq. (160) not including ŨL. We also define the padded grid

B̄ISP =
[
− 1

2N̄ISP,
1
2N̄ISP − 1

]3ηn ∩ Z3ηn , (C16)

where N̄ISP = 2n̄ISP and n̄ISP = nISP + npad.
For all n ∈ BISP to remain within B̄ISP throughout each step of the Ũlct

A−⊤ , the following must be true:

max
1≤P≤β+1

max
n∈BISP

∥R(FP · · ·R(F2R(F1n)) · · · )∥∞ ≤ 1
2N̄ISP. (C17)

Letting aP = R(FP−1 · · ·R(F3R(F2R(F1n))) · · · ) allows us to express Eq. (C17) as

max
1≤P≤β+1

max
n∈BISP

∥R(FPaP )∥∞ ≤ 1
2N̄ISP. (C18)

We can also write as FPaP = R(FPaP ) + Fr(FPaP ), where we define the fractional part Fr(v) = v −R(v), whose
components obey

∣∣[Fr(v)]i∣∣ ≤ 1
2 . Then,

max
1≤P≤β+1

max
n∈BISP

∥FPaP − Fr(FPaP )∥∞ ≤ max
1≤P≤β+1

max
n∈BISP

(
∥FPaP ∥∞ + ∥Fr(FPaP )∥∞

)
(C19)

≤ max
1≤P≤β+1

max
n∈BISP

∥FPaP ∥∞ + 1
2 . (C20)

Next, we substitute in the definition of aP and repeat the same set of steps. In particular,

max
1≤P≤β+1

max
n∈BISP

∥FPaP ∥∞ + 1
2 = max

1≤P≤β+1
max

n∈BISP

∥FPR(FP−1aP−1)∥∞ + 1
2 (C21)

= max
1≤P≤β+1

max
n∈BISP

∥FP (FP−1aP−1 − Fr(FP−1aP−1))∥∞ + 1
2 (C22)

≤ max
1≤P≤β+1

max
n∈BISP

(
∥FPFP−1aP−1∥∞ + ∥FPFr(FP−1aP−1)∥∞

)
+ 1

2 (C23)

≤ max
1≤P≤β+1

(
max

n∈BISP

∥FPFP−1aP−1∥∞ +max
m∈S

∥FPm∥∞
)
+ 1

2 , (C24)

where S = [− 1
2 ,

1
2 ]

3ηn . Repeating this procedure P − 1 times yields the condition

max
1≤P≤β+1

max
n∈BISP

∥R(FPaP )∥∞ ≤ max
1≤P≤β+1

(
max

n∈BISP

∥FP,1n∥∞ +max
m∈S

P∑
l=2

∥FP,lm∥∞
)
+ 1

2 (C25)

≤ max
1≤P≤β+1

max
n∈BISP

∥FP,1n∥∞ +max
m∈S

β+1∑
l=2

∥Fβ+1,lm∥∞ + 1
2 (C26)

≤ NISP

2
max

1≤P≤β+1
∥FP,1∥∞ + 1

2

β+1∑
l=2

∥Fβ+1,l∥∞ + 1
2 (C27)

where FP,l is the partial product

FP,l = FPFP−1 · · ·Fl+1Fl. (C28)

Using Eq. (C18) and solving for npad, we find

npad ≥
⌈
log

(
NISP max

1≤P≤β+1
∥FP,1∥∞ +

β+1∑
l=2

∥Fβ+1,l∥∞ + 1

)⌉
− nISP, (C29)

all parts of which can be calculated classically.
A simpler, but looser, bound on npad can be obtained from Eq. (C26) and bounding the infinity norms in terms

of two-norms. The first term in Eq. (C26) is then

max
1≤P≤β+1

max
n∈BISP

∥FP,1n∥∞ ≤ max
2≤P≤β+1

max
n∈BISP

∥FP,2∥∞∥L∥∞∥n∥∞ (C30)

≤ max
2≤P≤β+1

√
3ηn∥FP,2∥2∥L∥∞ max

n∈BISP

∥n∥∞ (C31)

=
√

3ηn∥L∥∞
NISP

2
max

2≤P≤β+1
∥FP,2∥2, (C32)
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where we used F1 = L. To evaluate the maximum over P of ∥FP,2∥2, we observe that, for P ̸= β + 1, if
(P − 1)mod 4 ∈ {0, 3}, then FP,2 is an orthogonal matrix and ∥FP,2∥2 = 1. If P = β + 1, FP,2 is an orthogonal
matrix multiplied by a reflection, and ∥FP,2∥2 = 1. If (P − 1)mod 4 ∈ {1, 2}, then FP,2 is an orthogonal matrix
multiplied by one or two shearing transformations, respectively. For P mod4 = 1,

∥FP,2∥2 = ∥FPFP−1,2∥2 ≤ ∥FP ∥2, (C33)

and for P mod4 = 2,

∥FP,2∥2 = ∥FPFP−1FP−2,2∥2 ≤ ∥FPFP−1∥2. (C34)

We can evaluate the two-norms using ∥A∥2 =
√
λmax(A†A), where λmax(·) denotes the maximum eigenvalue. Then,

λmax(F
⊤
PFP ) = max

y∈{−1,+1}

{
1 + 1

2 tij

(
tij + y

√
4 + t2ij

)}
(C35)

≤ 1 + 1
2 (1 +

√
5) (C36)

λmax(F
⊤
P−1F

⊤
PFPFP−1) = max

y∈{−1,+1}

{
1 + 1

2

(
t2ij + y

√
(2 + t2ij)

2 − 4(cij + sijtij)2
)}

(C37)

≤ 1 + 1
2 (1 +

√
5), (C38)

where matrix elements tij and sij are given in Eqs. (149) and (150), respectively. Thus, for both P mod 4 ∈ {1, 2},

∥FP,2∥2 ≤
√
1 + 1

2 (1 +
√
5) < 1.619, (C39)

which establishes

max
1≤P≤β+1

max
n∈BISP

∥FP,1n∥∞ ≤ 1
21.619

√
3ηnNISP∥L∥∞. (C40)

To bound the second term in Eq. (C26), we first write

max
m∈S

∥Fβ+1,lm∥∞ ≤ max
m∈S

∥Fβ+1,l∥∞∥m∥∞ (C41)

≤ max
m∈S

√
3ηn ∥Fβ+1,l∥2∥m∥∞ (C42)

= 1
2

√
3ηn∥Fβ+1,l∥2. (C43)

As was the case for the first term, Fβ+1,l is either an orthogonal matrix with ∥FP,l∥2 = 1, or an orthogonal matrix
multiplied by a single shear or a product of shears with ∥FP,l∥2 ≤ 1.619. This inequality is easily shown using the
same approach as in Eqs. (C33) and (C34). This establishes the bound

max
m∈S

β+1∑
l=2

∥Fβ+1,lm∥∞ ≤ 1
2β1.619

√
3ηn. (C44)

Finally, using Eqs. (C40) and (C44) in Eq. (C27) leads to the condition

1.619
√
3ηn(NISP∥L∥∞ + β) + 1 ≤ N̄ISP. (C45)

Solving for npad gives

npad ≥
⌈
log
(
1.619

√
3ηn(NISP∥L∥∞ + β) + 1

)⌉
− nISP. (C46)

b. Bounding npad for Ũ ssct
A−⊤

Here, we derive a bound on npad for Ũ ssct
A−⊤ . In this case, npad is bounded by

max
n∈BISP

∥R(L−⊤n)∥∞ ≤ 1
2N̄ISP. (C47)
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Using the same approach as in Eqs. (C19) and (C20), we find

max
n∈BISP

∥R(L−⊤n)∥∞ ≤ max
n∈BISP

∥L−⊤n∥∞ + 1
2 (C48)

≤ 1
2NISP∥L−⊤∥∞ + 1

2 . (C49)

Using the above bound with Eq. (C47) gives

npad ≥ ⌈log(NISP∥L−⊤∥∞ + 1)⌉ − nISP. (C50)

3. Bounding Ũlct
A−⊤ error

In this section, we bound the error ϵLCT from approximating Ulct
A−⊤ and show that ϵLCT = O(η2n∆).

Let |Ξ⟩ be a Gaussian initial state defined on B̄ISP,

|Ξ⟩ = 1

NISP

∑
n∈BISP

e−n⊤Σn/2|n⟩, Σ = ∆2Σ′, Σ′ = diag(Σ′
1, · · · ,Σ′

3ηn
), and Σ′

i ∈ R>0. (C51)

Initially, the nuclear state only has support on BISP, i.e., the amplitudes on B̄ISP \ BISP are zero. The LCT error is

ϵLCT = D(Ulct
A−⊤ |Ξ⟩, Ũlct

A−⊤ |Ξ⟩) (C52)
≤ ϵshear + ϵortho, (C53)

where

ϵshear = D(UL|Ξ⟩, ŨL|Ξ⟩) (C54)

ϵortho = D(UXUL|Ξ⟩, ŨXUL|Ξ⟩) (C55)

ŨX =

( β+1∏
l=2

ŨFl

)
(C56)

UX =

( β+1∏
l=2

UFl

)
(C57)

and where Fl is the lth sequential unitary on the right-hand side of Eq. (151).
We apply the triangle inequality to further decompose ϵortho into a sum of errors resulting from 2D shears,

ϵortho ≤
β∑

P=2

ϵ
(2D−shear)
P , (C58)

ϵ
(2D−shear)
P = D

(
UFP
|ΞP−1⟩, ŨFP

|ΞP−1⟩
)

(C59)

|ΞP ⟩ =
P∏
l=2

UFl
UL|Ξ⟩. (C60)

Because the reflection and ±π/2 rotations are performed exactly, ϵ(2D−shear)
P is non-zero only when UFP

and ŨFP

correspond to 2D shears. Hence, for P ≥ 2 and (P − 1)mod 4 = 0, ϵ(2D−shear)
P = 0. Additionally, ϵ(2D−shear)

β+1 = 0.
From Lemmas 4 and 5, we have

ϵshear ≤ 21/2
(
1− e−∆23ηnλmax(Λ

′)
)1/2

(C61)

ϵ
(2D−shear)
P ≤ 21/2

(
1− e−∆2[Λ′

P ]kP ,kP

)1/2
, (C62)

where λmax(·) is the largest eigenvalue of the input matrix, and

Λ′ = L−⊤Σ′L−1 (C63)

Λ′
P = (F̄P )

⊤L−⊤Σ′L−1F̄P (C64)

F̄P =

2∏
l=P

F−1
l (C65)
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kP = index(FP ) =

{
i if FP = S1(i, j, φij)

j if FP = S2(i, j, φij).
(C66)

We determine the asymptotic scalings by noting that (1− e−x2

)1/2 ≤ x for all x ≥ 0. Therefore,

ϵshear ≤ 21/2∆(3ηnλmax(Λ
′))

1/2
= O(η1/2n ∆) (C67)

ϵ2D−shear
P ≤ 21/2∆([Λ′

P ]kP ,kP
)
1/2

= O(∆). (C68)

Because there are β = O(η2n) 2D shearing terms in ϵLCT,

ϵLCT = O(η2n∆). (C69)

Lemma 4. Let S be a shear and Λ′ = S−⊤Σ′S−1, with Σ′ given in Eq. (C51). Then, for |Ξ⟩ also in Eq. (C51),

ϵshear = D(US|Ξ⟩, ŨS|Ξ⟩) ≤ 21/2
(
1− e−∆23ηnλmax(Λ

′)
)1/2

. (C70)

Proof. We expand the definition of ϵshear:

ϵshear = D(US|Ξ⟩, ŨS|Ξ⟩) (C71)

≤
∥∥US|Ξ⟩ − ŨS|Ξ⟩

∥∥
2

(C72)

=

∥∥∥∥ 1

NISP

∑
n∈B̄ISP

e−(S−1n)⊤ΣS−1n/2|n⟩ − 1

NISP

∑
n∈B̄ISP

e−(S−1(n))⊤ΣS−1(n)/2|n⟩
∥∥∥∥
2

(C73)

=

(
1

N 2
ISP

∑
n∈B̄ISP

e−(S−1n)⊤ΣS−1n +
1

N 2
ISP

∑
n∈B̄ISP

e−(S−1(n))⊤ΣS−1(n)−

− 2

N 2
ISP

∑
n∈B̄ISP

e−(S−1n)⊤ΣS−1n/2e−(S−1(n))⊤ΣS−1(n)/2

)1/2

(C74)

= 21/2
(
1− 1

N 2
ISP

∑
n∈B̄ISP

e−(S−1n)⊤ΣS−1n/2e−(S−1(n))⊤ΣS−1(n)/2

)1/2

, (C75)

where ŨS is applied as in Eq. (164). In the final step, we use the fact that shears preserve normalization, meaning
that the first two terms in the penultimate line sum to 1.

Let the difference between S−1n and S−1(n) be

p = S−1n− S−1(n)⇔ S−1(n) = S−1n− p. (C76)

We can gain an intuition for p by writing out the system of equations given by m = S−1(n). For a lower shear L,
Eq. (159) gives:

m1 = n1

m2 = n2 −R(b21m1) = n2 − (b21m1) + δ2

m3 = n3 −R(b31m1 + b32m2) = n3 − (b31m1 + b32m2) + δ3

...
... (C77)

where δi = (bi1m1 + bi2m2 + . . .+ bii−1mi−1)−R(bi1m1 + bi2m2 + . . .+ bii−1mi−1), and |δi| ≤ 1/2. Let sL = L− I
and δ = (δ1, δ2, . . . , δ3ηn). The above system of equations can be expressed as

m = n− sLm+ δ ⇒ Lm = n+ δ (C78)

⇒m = L−1n+ L−1δ (C79)

⇒ S−1(n) = L−1n+ L−1δ. (C80)

Substituting this expression into the definition of p, we find

p = L−1n− S−1(n) = −L−1δ. (C81)

Thus, p is −δ transformed by L−1. For an upper shear U, the inverse is described after Eq. (159). Repeating the
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steps above for U, we find p = −U−1δ. Thus, for any shear, p = −S−1δ. Substituting this into Eq. (C76) gives

S−1(n) = S−1(n+ δ). (C82)

Substituting Eq. (C82) into Eq. (C75) yields

ϵshear = 21/2
(
1− 1

N 2
ISP

∑
n∈B̄ISP

e−(S−1n)⊤ΣS−1n/2e−(S−1n+S−1δ)⊤Σ(S−1n+S−1δ)/2

)1/2

(C83)

= 21/2
(
1− 1

N 2
ISP

∑
n∈B̄ISP

e−n⊤Λn/2e−(n+δ)⊤Λ(n+δ)/2

)1/2

(C84)

≤ 21/2
(
1− 1

N 2
ISP

∑
n∈B̄ISP

e−n⊤Λn/2e−(n+c)⊤Λ(n+c)/2

)1/2

, (C85)

where Λ = S−⊤ΣS−1, c = 2× (c1, . . . , c3ηn), and ci ∈ {−1, 1}. The sum in the second line is the overlap between
two Gaussians, one with a mean of zero and the other with a mean of −δ. The final inequality follows because the
overlap strictly decreases with |δi| and |ci| > |δi|. In replacing δ by c, we assume that ci are chosen to minimize
this overlap. However, we will see in a moment that it is not necessary to specify the signs of these elements.

Completing the square in the exponential yields

21/2
(
1− e−c⊤Λc/4

N 2
ISP

∑
n∈B̄ISP

e−(n+c/2)⊤Λ(n+c/2)

)1/2

= 21/2
(
1− e−c⊤Λc/4

)1/2
. (C86)

The last step follows by recognizing that n+c/2 always aligns with a grid point. Because c is small, the wavefunction
remains far from the edges of B̄ISP and the sum remains normalized, yielding N 2

ISP.
We can upper bound Eq. (C86) by noting that

c⊤Λc ≤ λmax(Λ)∥c∥22 ≤ 4 · 3ηnλmax(Λ), (C87)

which uses the fact that Λ is a positive-definite matrix. Finally,

ϵshear ≤ 21/2
(
1− e−c⊤Λc/4

)1/2 (C88)

≤ 21/2
(
1− e−3ηnλmax(Λ)

)1/2 (C89)

= 21/2
(
1− e−∆23ηnλmax(Λ

′)
)1/2

. (C90)

Lemma 5. Let

|ΞP ⟩ =
1

NISP

∑
n∈B̄ISP

e−n⊤ΛPn/2|n⟩, (C91)

where ΛP = ∆2Λ′
P and Λ′

P is defined in Eq. (C64). Then, the 2D-shearing error obeys the bound

ϵ
(2D−shear)
P = D

(
UFP
|ΞP−1⟩, ŨFP

|ΞP−1⟩
)
≤ 21/2

(
1− e−∆2[Λ′

P ]kP ,kP

)1/2
, (C92)

where kP is defined in Eq. (C66).

Proof. By substituting |ΞP−1⟩ into the definition ϵ(2D−shear)
P , we have

ϵ
(2D−shear)
P = D

(
UFP
|ΞP−1⟩, ŨFP

|ΞP−1⟩
)
≤
∥∥UFP

|ΞP−1⟩ − ŨFP
|ΞP−1⟩

∥∥
2
. (C93)

From here, we follow the same steps as in Lemma 4, except that |Ξ⟩ is replaced with |ΞP−1⟩ and US and ŨS are
replaced by UFP

and ŨFP
, respectively. For a given n, F−1

P only transforms a single element of the vector whose index
is kP = index(FP ). Hence, the analogous expression to Eq. (C81) is p = −F−1

P δ where δ = (0, 0, . . . , δkP
, . . . 0),

and |δi| ≤ 1/2 denotes the error of the transformed vector element.
Let c = 2(0, 0, . . . , 1kP

, . . . , 0). Then,

ϵ
(2D−shear)
P ≤ 21/2

(
1− 1

N 2
ISP

∑
n∈B̄ISP

e−n⊤ΛPn/2 e−(n+c)⊤ΛP (n+c)/2

)1/2

(C94)
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= 21/2
(
1− e−c⊤ΛP c/4

N 2
ISP

∑
n∈B̄ISP

e−(n+ c
2 )

⊤ΛP (n+ c
2 )

)1/2

(C95)

= 21/2
(
1− e−c⊤ΛP c/4

)1/2
. (C96)

Finally, using c⊤ΛP c = 4[ΛP ]kP kP
, we arrive at Eq. (C92).

Appendix D: Implementing pk

Here, we implement pk using a phase-kickback (PK) subroutine [63] and estimate the resources. For a given state

|Ψ̂⟩ =
∑

n∈B̄ISP

Ψ̂n|n⟩, (D1)

the PK unitary performs the transformation

pk|Ψ̂⟩ =
∑

n∈B̄ISP

e−i∆(R(0))⊤nΨ̂n|n⟩, (D2)

where ∆ = 2π/L. We implement pk using the decomposition

pk =

(
3ηn⊗
i=1

pki

)
Ugrad, (D3)

where Ugrad prepares the phase-gradient state |ψgrad⟩,

Ugrad|0⟩ = |ψgrad⟩ =
Ngrad−1∑

l=0

e2πil/Ngrad√
Ngrad

|l⟩, (D4)

and pki acts on the ith register and |ψgrad⟩ to perform the transformation

pki|Ψ̂⟩|ψgrad⟩ =
∑

n∈B̄ISP

e−i∆niR
(0)
i Ψ̂n|n⟩|ψgrad⟩. (D5)

Here, R(0)
i = ziL/Ngrad is the ith component of R(0), zi ∈ [−Ngrad/2, Ngrad/2− 1] ∩ Z, Ngrad = 2bgrad , and bgrad

is the number of qubits used to represent R(0)
i . We assume that bgrad has been chosen large enough that the

finite-precision value R(0)
i can be expressed exactly.

Each pki is implemented as shown in Fig. 8. First, we use Uzi to load zi into an empty ancilla register,

Uzi |Ψ̂⟩|ψgrad⟩|0⟩ = |Ψ̂⟩|ψgrad⟩|zi⟩. (D6)

Then, the value ni in the ith register of |Ψ̂⟩ and the zi are multiplied and the result stored in an empty register,

mult
∑

n∈B̄ISP

Ψ̂n|n⟩|ψgrad⟩|zi⟩|0⟩ =
∑

n∈B̄ISP

Ψ̂n|n⟩|ψgrad⟩|zi⟩|ni · zi⟩. (D7)

The product ni · zi is added to |ψ⟩grad, which is an eigenstate of addition, resulting in the phase kickback:

add
∑

n∈B̄ISP

Ψ̂n|n⟩
Ngrad−1∑

l=0

e2πil/Ngrad√
Ngrad

|l⟩|zi⟩|ni · zi⟩ =
∑

n∈B̄ISP

Ψ̂n|n⟩
Ngrad−1∑

l=0

e2πil/Ngrad√
Ngrad

|l ⊕ ni · zi⟩|zi⟩|ni · zi⟩ (D8)

=
∑

n∈B̄ISP

Ψ̂ne
−2πinizi/Ngrad |n⟩

Ngrad−1∑
l=0

e2πil/Ngrad√
Ngrad

|l⟩|zi⟩|ni · zi⟩

=
∑

n∈B̄ISP

Ψ̂ne
−i∆niR

(0)
i |n⟩|ψgrad⟩|zi⟩|ni · zi⟩, (D9)

where ⊕ is addition cmodNgrad/2. Finally, mult† and U†
zi are uncomputed, giving Eq. (D2).
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Ugrad

|Ψ̂〉 n̄ISP

Uzi
|zi〉

bgrad + n̄ISP

bgrad + n̄ISP − 1

|ni · zi〉

|l ⊕ ni · zi〉

bgrad + n̄ISP − 1

U†
zi

Figure 8. pki circuit. The top wire encodes the ith sub-register of |Ψ̂⟩. The second wire stores the phase-gradient state
which is prepared by the block Ugrad. The third wire contains ancilla qubits that are reused throughout the circuit. The
fourth wire encodes the phase zi that we wish to kickback. The block mult multiplies |zi⟩ by |ni⟩ and stores the result in
the register corresponding to the fifth wire. This result is added cmodNgrad/2 to the phase-gradient state register. Finally,
the state in the fifth register is uncomputed by performing mult†.

We implement an approximation to pk,

p̃k =

(
3ηn⊗
i=1

pki

)
Ũgrad, (D10)

where Ũgrad is an approximation to Ugrad and all other unitaries are exact. We synthesize Ũgrad by applying
Hadamard gates followed by the appropriate Z rotation to each of the bgrad qubits of the phase-gradient register [64].
Each Z rotation is approximated to within error ϵZ using a repeat-until-success (RUS) algorithm [65].

The resulting error in p̃k is

ϵpk = D(pk|Ψ̂⟩|0⟩, p̃k|Ψ̂⟩|0⟩) (D11)

= D(Ugrad|Ψ̂⟩|0⟩, Ũgrad|Ψ̂⟩|0⟩) (D12)
≤ bgradϵZ . (D13)

This bound results from Ũgrad calling the RUS algorithm bgrad times, introducing an error ϵZ with each call. To
compile each Z rotation to within error ϵPK/bgrad, the expected number of Toffoli gates needed is (1.149(log(bgrad)+
log(ϵ−1

PK)) + 9.2)/4, along with a single ancilla qubit [65]. Therefore, the cost to synthesize Ũgrad to within ϵPK is

Canc(Ũgrad) = bgrad + 1 (D14)

CToff(Ũgrad) = bgrad(1.149(log(bgrad) + log(ϵ−1
PK)) + 9.2)/4. (D15)

Implementing Uzi can be done with bgrad not gates and no Toffoli gates, as well as

Canc(Uzi) = bgrad (D16)

ancillas to store the result. Implementing U†
zi uses the same resources.

We can multiply an n̄ISP-bit number with a bgrad-bit number using 2n̄ISPbgrad− n̄ISP [17] Toffoli gates. We require
bgrad + n̄ISP − 1 ancilla qubits to perform multiplication and another bgrad + n̄ISP to store the result. Hence,

Canc(mult) = 2bgrad + 2n̄ISP − 1 (D17)
CToff(mult) = 2n̄ISPbgrad − n̄ISP. (D18)

The resources needed to perform mult† are the same as for mult.

Modular addition can be performed using bgrad Toffoli gates and ancillas [107],

Canc(add) = bgrad (D19)
CToff(add) = bgrad. (D20)

To implement p̃k, |ψgrad⟩ is prepared once and reused for each pki. PK is performed on 3ηn registers, each time
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calling Uzi , mult, add, mult†, and U†
zi . The cost to do so is

Canc(p̃k) = Canc(Ũgrad) + Canc(Uzi) + Canc(mult) (D21)
= 4bgrad + 2n̄ISP − 1 (D22)

CToff(p̃k) = CToff(Ũgrad) + 3ηn(2CToff(mult) + CToff(add)) (D23)

= 3ηn(4n̄ISPbgrad + bgrad − 2n̄ISP) + bgrad(1.149(log(bgradϵ
−1
PK)) + 9.2)/4, (D24)

where the ancilla qubits used during mult are reused for add.

Appendix E: ISP error bound

In this appendix, we derive a bound on the total error ϵISP from ISP. We begin by discussing separable states,
where the main challenge is to bound the error from preparing the initial nuclear state. Afterwards, we bound the
error from preparing non-separable initial states.

1. Separable initial states

Here, we bound the error from preparing separable initial states. Let Ũ (sep)
ISP be the approximation to U

(sep)
ISP

implemented on the quantum computer such that Ũ (sep)
ISP |0⟩ = |

˜̂
Ψ⟩MPS. The ISP error is

ϵ
(sep)
ISP = D(Π′

intU
(sep)
ISP |0⟩, Ũ

(sep)
ISP |0⟩), (E1)

where Π′
int = Πint/Nint, and Πint and Nint are defined in Section IV C 6.

We can bound ϵ(sep)ISP in terms of the electronic and nuclear ISP errors. To see this, we write

U
(sep)
ISP = U

(e)
ISPU

(n)
ISP where U

(e)
ISP|0⟩ = |Ψ̂(e)⟩ and U

(n)
ISP|0⟩ = |Ψ̂(n)⟩ (E2)

Ũ
(sep)
ISP = Ũ

(e)
ISPŨ

(n)
ISP where Ũ

(e)
ISP|0⟩ = |

˜̂
Ψ(e)⟩MPS and Ũ

(n)
ISP|0⟩ = |

˜̂
Ψ(n)⟩MPS. (E3)

Then, by the triangle inequality,

ϵ
(sep)
ISP ≤ D(U

(e)
ISP|0⟩, Ũ

(e)
ISP|0⟩) +D(Π

(n)
int U

(n)
ISP|0⟩, Ũ

(n)
ISP|0⟩) (E4)

= ϵ
(e)
ISP + ϵ

(n)
ISP, (E5)

where Π
(n)
int = (

∑
n∈Bint

|n⟩⟨n|)/Nint.

We now derive a bound on ϵ(n)ISP because ϵ(e)ISP is bounded in Eq. (97). To begin, we expand the ISP unitaries,

U
(n)
ISP = tc2sm · pk · UA−⊤ ·W (n) · onb2smb · SoSlat(n) · asp(n) (E6)

Ũ
(n)
ISP = tc2sm · p̃k · ŨA−⊤ · W̃ (n) · onb2smb · SoSlat(n) · ãsp(n)

, (E7)

where

W (n) =

3ηn⊗
i=1

W
(n)
i , where W

(n)
i =

NSMB−1∏
µ=0

I − 2|w(n)
µ ⟩⟨w(n)

µ |i, and |w(n)
µ ⟩i =

1√
2

(
|1⟩|µ⟩ − |0⟩|Φ̂iµ,Q̄⟩

)
. (E8)

All other operators in Eqs. (E6) and (E7) are defined in Section IV C.
Our first step is to isolate the trimming error ϵtrim. Using the triangle inequality, we have

ϵ
(n)
ISP ≤ D

(
pk · UA−⊤W (n)onb2smb · SoSlat(n) · asp(n)|0⟩,

p̃k · ŨA−⊤W̃ (n)onb2smb · SoSlat(n) · ãsp(n)|0⟩
)
+ ϵtrim,

where

ϵtrim = D
(
Π

(n)
int U

(n)
ISP|0⟩, U

(n)
ISP|0⟩

)
, (E9)

and we used the fact that tc2sm is exact and does not contribute an error.
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Next, we isolate the error resulting from ãsp(n),

ϵ
(n)
asp = D(asp(n)|0⟩, ãsp(n)|0⟩). (E10)

Using the triangle inequality,

ϵ
(n)
ISP ≤ D

(
pk · UA−⊤W (n)onb2smb · SoSlat(n) · asp(n)|0⟩,

p̃k · ŨA−⊤W̃ (n)onb2smb · SoSlat(n) · asp(n)|0⟩
)

= D
(
pk · UA−⊤W (n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤W̃ (n)|Ψ(n)

Q̄
⟩SMB

)
+ ϵ

(n)
asp + ϵtrim, (E11)

where |Ψ(n)

Q̄
⟩SMB = onb2smb · SoSlat(n) · asp(n)|0⟩.

Next, we isolate the errors from preparing the nuclear state in a PWB. Let X(n) be the unitary

X(n) =

3ηn⊗
i=1

X
(n)
i , where X

(n)
i =

NSMB−1∏
µ=0

I − 2|x(n)µ ⟩⟨x(n)µ |i, and |x(n)µ ⟩i =
1√
2

(
|1⟩|µ⟩ − |0⟩| ˜̂Φiµ,Q̄⟩

)
. (E12)

We also define X(n,poly) analogously to X(n), except | ˜̂Φiµ,Q̄⟩ is replaced with | ˜̂Φ(poly)

iµ,Q̄
⟩. The difference between

W (n), X(n), X(n,poly), and W̃ (n) is that they prepare nuclear states in terms of increasingly more approximate SMs:
|Φ̂iµ,Q̄⟩, | ˜̂Φiµ,Q̄⟩, | ˜̂Φ(poly)

iµ,Q̄
⟩, and | ˜̂Φiµ,Q̄⟩MPS, respectively. Using the triangle inequality,

ϵ
(n)
ISP ≤ D

(
pk · UA−⊤W (n)|Ψ(n)

Q̄
⟩SMB, pk · UA−⊤X(n)|Ψ(n)

Q̄
⟩SMB

)
+

+D
(
pk · UA−⊤X(n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤W̃ (n)|Ψ(n)

Q̄
⟩SMB

)
+ ϵ

(n)
asp + ϵtrim (E13)

= ϵ(n,t) + T + ϵ
(n)
asp + ϵtrim, (E14)

where

ϵ(n,t) = D(X(n)|Ψ(n)

Q̄
⟩SMB, W

(n)|Ψ(n)

Q̄
⟩SMB) (E15)

T = D
(
pk · UA−⊤X(n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤W̃ (n)|Ψ(n)

Q̄
⟩SMB

)
. (E16)

To bound ϵ(n,t), we write

ϵ(n,t) ≤
∥∥X(n) −W (n)

∥∥
∞ (E17)

≤
3ηn∑
i=1

∥∥X(n)
i −W (n)

i

∥∥
∞ (E18)

≤ 2

3ηn∑
i=1

NSMB−1∑
µ=0

∥∥∥|x(n)µ ⟩⟨x(n)µ |i − |w(n)
µ ⟩⟨w(n)

µ |i
∥∥∥
∞

(E19)

≤ 4

3ηn∑
i=1

NSMB−1∑
µ=0

D
(
|x(n)µ ⟩i, |w(n)

µ ⟩i
)
, (E20)

where the last line follows because ∥x− y∥∞ ≤ 2D(x, y). We evaluate the last line using the definitions of |x(n)µ ⟩i
and |w(n)

µ ⟩i,

D
(
|x(n)µ ⟩i, |w(n)

µ ⟩i
)
=

√
1−

∣∣∣i⟨x(n)µ |w(n)
µ ⟩i

∣∣∣2 =
1√
2

√
1−

∣∣∣⟨ ˜̂Φ(n)

iµ,Q̄
|Φ̂(n)

iµ,Q̄
⟩
∣∣∣2 =

1√
2
D
(
| ˜̂Φ(n)

iµ,Q̄
⟩, |Φ̂(n)

iµ,Q̄
⟩
)
, (E21)

giving

ϵ(n,t) ≤ 23/2
3ηn∑
i=1

NSMB−1∑
µ=0

D
(
| ˜̂Φiµ,Q̄⟩, |Φ̂iµ⟩

)
(E22)

= 23/2
3ηn∑
i=1

NSMB−1∑
µ=0

ϵ
(n,t)
iµ (E23)
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where ϵ(n,t)iµ is the truncation error defined in Eq. (50).

The remaining term in Eq. (E14) is bounded by

T ≤ D
(
pk · UA−⊤X(n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤X(n)|Ψ(n)

Q̄
⟩SMB

)
+D

(
p̃k · ŨA−⊤X(n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤W̃ (n)|Ψ(n)

Q̄
⟩SMB

)
. (E24)

The second term in Eq. (E24) is bounded by

D
(
p̃k · ŨA−⊤X(n)|Ψ(n)

Q̄
⟩SMB, p̃k · ŨA−⊤W̃ (n)|Ψ(n)

Q̄
⟩SMB

)
≤ ϵ(n,p) + ϵ(n,q), (E25)

where

ϵ(n,p) = D
(
X(n)|Ψ(n)

Q̄
⟩SMB, X

(n,poly)|Ψ(n)

Q̄
⟩SMB

)
, (E26)

ϵ(n,q) = D
(
X(n,poly)|Ψ(n)

Q̄
⟩SMB, W̃

(n)|Ψ(n)

Q̄
⟩SMB

)
. (E27)

We can bound ϵ(n,p) and ϵ(n,q) using the same approach that we used to bound ϵ(n,t), finding

ϵ(n,p) ≤ 23/2
3ηn∑
i=1

NSMB−1∑
µ=0

ϵ
(n,p)
iµ and ϵ(n,q) ≤ 23/2

3ηn∑
i=1

NSMB−1∑
µ=0

ϵ
(n,q)
iµ , (E28)

where ϵ(n,p)iµ is the polynomial approximation error in Eq. (54) and ϵ(n,q)iµ = D
(
|Φ̂iµ,Q̄⟩MPS, | ˜̂Φiµ,Q̄⟩MPS

)
. As was the

case for ϵ(e,q)a , each ϵ(n,q)iµ is bounded by

ϵ
(n,q)
iµ < 2

7
2−brot

nISP∑
i=1

m
(n)
iµj log(2m̄

(n)
iµj). (E29)

Collecting all error terms into one expression yields

ϵ
(n)
ISP ≤ ϵ

(n)
asp + ϵtrim + ϵ(n,q) + ϵ(n,c) +D

(
pk · UA−⊤ | ˜̂Ψ(n)

Q̄
⟩, p̃k · ŨA−⊤ | ˜̂Ψ(n)

Q̄
⟩
)

(E30)

where ϵ(n,c) = ϵ(n,t) + ϵ(n,p), and | ˜̂Ψ(n)

Q̄
⟩ = X(n)|Ψ(n)

Q̄
⟩SMB. The remaining sources of error come from transforming

from normal coordinates to Cartesian coordinates and trimming the grid of final state. Assuming that the LCT
algorithm is used, from Section IVC 3, we have

UA−⊤ = UŌ⊤USL
and ŨA−⊤ = ŨŌ⊤ŨSL

, (E31)

so that

D
(
pk · UŌ⊤USL | ˜̂Ψ(n)

Q̄
⟩, p̃k · ŨŌ⊤ŨSL | ˜̂Ψ(n)

Q̄
⟩
)
≤ ϵshear + ϵortho + ϵpk, (E32)

where we used the triangle inequality to decompose the error into

ϵshear = D
(
USL | ˜̂Ψ(n)

Q̄
⟩, ŨSL | ˜̂Ψ(n)

Q̄
⟩
)
, (E33)

ϵortho = D
(
UŌ⊤USL | ˜̂Ψ(n)

Q̄
⟩, ŨŌ⊤USL

| ˜̂Ψ(n)

Q̄
⟩
)
, (E34)

ϵpk = D
(
pk · UŌ⊤USL

| ˜̂Ψ(n)

Q̄
⟩, p̃k · UŌ⊤USL

| ˜̂Ψ(n)

Q̄
⟩
)
, (E35)

In Appendix C 3, we showed that, for an orthogonal matrix decomposed into a sequence of 2D shears,

ϵortho ≤
β+1∑
P=2

ϵ
(2D−shear)
P , (E36)

where ϵ(2D−shear)
P is the error from approximating a 2D shear defined in Eq. (C59).
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Overall, the bound on ϵ(n)ISP in terms of the fundamental errors is

ϵ
(n)
ISP ≤ ϵ

(n)
asp + 23/2

3ηn∑
i=1

NSMB−1∑
µ=0

(ϵ
(n,c)
iµ + ϵ

(n,q)
iµ ) + ϵshear +

β+1∑
P=2

ϵ
(2D−shear)
P + ϵpk + ϵtrim, (E37)

where ϵ(n,c)iµ = ϵ
(n,t)
iµ + ϵ

(n,p)
iµ .

2. Non-separable initial states

In this section, we bound the ISP error from preparing non-separable initial states,

ϵISP = D
(
Π′

intUISP|0⟩, ŨISP|0⟩
)
, (E38)

where ŨISP is defined in Eq. (217), and

UISP = (U
(e)′

ISP ⊗ U
(n)′

ISP )
(
SoSlat(en)asp(en)

)
, (E39)

with

U
(e)′

ISP = (W (e))⊗3ηeasym onb2mob (E40)

U
(n)′

ISP = tc2sm⊗3ηn
n̄ISP

pkUA−⊤ W (n)onb2smb. (E41)

We begin by using the triangle inequality to isolate the trimming error ϵtrim,

ϵISP ≤D
((
U

(e)′

ISP ⊗ U
(n)′

ISP

)
SoSlat(en) · asp(en)|0⟩,

(
Ũ

(e)′

ISP ⊗ Ũ
(n)′

ISP

)
SoSlat(en) · ãsp(en)|0⟩

)
+ ϵtrim (E42)

where

ϵtrim = D
(
Π′

int

(
U

(e)′

ISP ⊗ U
(n)′

ISP

)
SoSlat(en) · asp(en)|0⟩,

(
U

(e)′

ISP ⊗ U
(n)′

ISP

)
SoSlat(en) · asp(en)|0⟩

)
. (E43)

Next, we isolate the error from ãsp(en),

ϵ
(en)
ASP = D

(
asp(en)|0⟩, ãsp(en)|0⟩

)
. (E44)

Using the triangle inequality,

ϵISP ≤D
((
U

(e)′

ISP ⊗ U
(n)′

ISP

)
SoSlat(en) · asp(en)|0⟩,

(
Ũ

(e)′

ISP ⊗ Ũ
(n)′

ISP

)
SoSlat(en) · asp(en)|0⟩

)
+ ϵtrim + ϵ

(en)
asp . (E45)

To further isolate error terms, we let

|Ψ⟩mosmb = (asym⊗ I(n))(onb2mob⊗ onb2smb)SoSlat(en) · asp(en)|0⟩ (E46)

A = I(e) ⊗ (pk · UA−⊤) (E47)

Ã = I(e) ⊗ (p̃k · ŨA−⊤). (E48)

With these definitions,

ϵISP ≤ D
(
A
(
(W (e))⊗ηe ⊗W (n)

)
|Ψ⟩mosmb, Ã

(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)
|Ψ⟩mosmb

)
+ ϵ

(en)
ASP (E49)

≤ T1 + T2 + ϵ
(en)
ASP + ϵtrim, (E50)

where

T1 = D
(
A
(
(W (e))⊗ηe ⊗W (n)

)
|Ψ⟩mosmb, Ã

(
(W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb

)
(E51)

T2 = D
(
Ã
(
(W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb, Ã

(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)
|Ψ⟩mosmb

)
. (E52)

Focusing on T2, we isolate two contributions:

T2 ≤ D
((
W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb,

(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)
|Ψ⟩mosmb

)
(E53)

≤ T (e)
2 + T

(n)
2 , (E54)
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where

T
(e)
2 = D

((
W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb,

(
(W̃ (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb

)
(E55)

T
(n)
2 = D

((
W̃ (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb,

(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)
|Ψ⟩mosmb

)
. (E56)

To bound T (e)
2 , we recognize that [24]

T
(e)
2 ≤

∥∥(W (e))⊗ηe ⊗X(n) − (W̃ (e))⊗ηe ⊗X(n)
∥∥
∞ (E57)

≤
∥∥(W (e))⊗ηe − (W̃ (e))⊗ηe

∥∥
∞ (E58)

≤ 23/2ηe

NMOB∑
a=1

ϵ(e)a . (E59)

For T (n)
2 , we write

T
(n)
2 ≤ T (n,p)

2 + T
(n,q)
2 , (E60)

where

T
(n,p)
2 = D

((
W̃ (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb,

(
(W̃ (e))⊗ηe ⊗X(n,poly)

)
|Ψ⟩mosmb

)
(E61)

T
(n,q)
2 = D

((
W̃ (e))⊗ηe ⊗X(n,poly)

)
|Ψ⟩mosmb,

(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)
|Ψ⟩mosmb

)
. (E62)

Using the results derived in Appendix E 1,

T
(n,p)
2 ≤

∥∥(W̃ (e))⊗ηe ⊗X(n)
)
−
(
(W̃ (e))⊗ηe ⊗X(n,poly)

)∥∥
∞ (E63)

≤
∥∥X(n) −X(n,poly)

∥∥
∞ (E64)

≤ϵ(n,p) (E65)

T
(n,q)
2 ≤

∥∥(W̃ (e))⊗ηe ⊗X(n,poly)
)
−
(
(W̃ (e))⊗ηe ⊗ W̃ (n)

)∥∥
∞ (E66)

≤
∥∥X(n,poly) − W̃ (n)

∥∥
∞ (E67)

≤ϵ(n,q). (E68)

So far, we have shown that ϵISP is upper bounded by

ϵISP ≤ T1 + ϵ(e) + ϵ(n,p) + ϵ(n,q) + ϵ
(en)
ASP + ϵtrim, (E69)

where ϵ(e) = 23/2ηe
∑NMOB

a=1 ϵ
(e)
a . To bound T1, we write

T1 ≤ T (n,t)
1 + T

(A)
1 , (E70)

where

T
(n,t)
1 = D

(
A
(
(W (e))⊗ηe ⊗W (n)

)
|Ψ⟩mosmb, A

(
(W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb

)
(E71)

T
(A)
1 = D

(
A
(
(W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb, Ã

(
(W (e))⊗ηe ⊗X(n)

)
|Ψ⟩mosmb

)
. (E72)

For T (n,t)
1 , we have

T
(n,t)
1 ≤

∥∥((W (e))⊗ηe ⊗W (n)
)
−
(
(W (e))⊗ηe ⊗X(n)

)∥∥
∞ (E73)

≤
∥∥W (n) −X(n)

∥∥
∞ (E74)

≤ϵ(n,t), (E75)

which uses the results from Appendix E 1. For T (A), we write

T
(A)
1 ≤

∥∥(A− Ã)((W (e))⊗ηe ⊗X(n)
))
(asym⊗ I(n))(onb2mob⊗ onb2smb)

∑
I,J

C
(en)
IJ |I⟩|J⟩

∥∥
2

(E76)

≤
∑
I,J

∣∣C(en)
IJ

∣∣ · ∥∥(A− Ã)((W (e))⊗ηe ⊗X(n)
))
(asym⊗ I(n))(onb2mob⊗ onb2smb)|I⟩|J⟩

∥∥
2

(E77)
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≤
∑
I,J

∣∣C(en)
IJ

∣∣ · ∥∥(A′ − Ã′)X(n)onb2smb|J⟩
∥∥
2
, (E78)

where

A′ = pk · UA−⊤ (E79)

Ã′ = p̃k · ŨA−⊤ . (E80)

We can bound T (A)
1 by defining analogous expressions to Eqs. (E33) to (E35):

ϵ′shear =
∥∥USL | ˜̂Ψ(n)

J,Q̄
⟩ − ŨSL | ˜̂Ψ(n)

J,Q̄
⟩
∥∥
2
, (E81)

ϵ′ortho =
∥∥UŌ⊤USL | ˜̂Ψ(n)

J,Q̄
⟩ − ŨŌ⊤USL | ˜̂Ψ(n)

J,Q̄
⟩
∥∥
2
, (E82)

ϵ′pk =
∥∥pk · UŌ⊤USL

| ˜̂Ψ(n)

J,Q̄
⟩ − p̃k · UŌ⊤USL

| ˜̂Ψ(n)

J,Q̄
⟩
∥∥
2
, , (E83)

where | ˜̂Ψ(n)

J,Q̄
⟩ = X(n)onb2smb|J⟩ and we assume the LCT algorithm is used. Then,

T
(A)
1 ≤

∑
I,J

∣∣C(en)
IJ

∣∣ · (ϵ′shear + ϵ′ortho + ϵ′pk). (E84)

Crucially, all of the upper bounds that we derive for Eqs. (E33) to (E35) equally apply to Eqs. (E81) to (E83). This
is because our first step in bounding Eqs. (E33) to (E35) is always to bound the trace distance in terms of the
two-norm, then derive a bound on the two-norm.

Finally, the error of non-separable ISP obeys

ϵISP ≤ ϵ(en)asp + ϵtrim + 23/2ηe

NMOB∑
a=1

ϵ(e)a + 23/2
3ηn∑
i=1

NSMB−1∑
µ=0

(
ϵ
(n,c)
iµ + ϵ

(n,q)
iµ

)
+

∑
I,J

∣∣C(en)
IJ

∣∣ · (ϵ′shear + β+1∑
P=2

ϵ
′(2D−shear)
P + ϵ′pk

)
, (E85)

where ϵ′(2D−shear)
P =

∥∥UFP
|ΞP−1⟩ − ŨFP

|ΞP−1⟩
∥∥
2

and |ΞP−1⟩ is defined in Eq. (C60).

Appendix F: Coulomb-state preparation

Here, we give details on the preparation of the charge state in Eq. (298), which forms the backbone of the
Coulomb state preparation protocol in Section VD. Our approach to preparing the charge state (up to a junk
register) mirrors the strategy in [17] for preparing a state that only encodes the nuclear charges (see Eq. (293)).

To prepare the charge state

|ζ⟩ = 1√∑η
j=1 |ζj |

η∑
j=1

√
|ζj | |j⟩ , (F1)

we use one instance of qrom and an ancillary state

|unif⟩anc = unif(2ηe, br) |0⟩anc , (F2)

given by a uniform superposition over 2ηe basis states. For a charge neutral system, 2ηe =
∑η

j=1 |ζj |, giving

|unif⟩anc =
1√∑η
j=1 |ζj |

2ηe−1∑
x=0

|x⟩anc . (F3)

We then partition the index set X = {1, 2, . . . , 2ηe} into subsets of consecutive integers Xj ⊂ X for j ∈ {1, 2, . . . , η},
with |Xj | = |ζj |, where |Xj | denotes the cardinality of the set Xj . Thus, each subset of indices Xj is associated
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with particle j of electric charge ζj . The state |unif⟩anc may then be rewritten as

|unif⟩anc =
1√∑η
i=1 |ζi|

η∑
j=1

√
|ζj | |Xj⟩ , (F4)

where

|Xj⟩ =
1√
|ζj |

∑
x∈Xj

|x⟩anc (F5)

is the uniform state over the jth index subset. We then construct a qromanc,m that performs unary iteration on
the register of the ancillary state |unif⟩anc and performs fanouts onto the nη-sized register m, such that for any
index value x ∈ Xj ,

qromanc,m (|x⟩anc |0⟩m) = |x⟩anc |j⟩m , (F6)

where register m now contains the exact nη-bit binary representation of index j ∈ {1, 2, . . . , η}. We then apply this
qrom onto |unif⟩anc |0⟩m, giving

qromanc,m (|unif⟩anc |0⟩m) =
1√∑η
i=1 |ζi|

η∑
j=1

√
ζj qromanc,m

(
|Xj⟩anc |0⟩m

)
, (F7)

which, using Eq. (F6), yields

|ζjunk⟩m,anc =
1√∑η
i=1 |ζi|

η∑
j=1

√
ζj |j⟩m |Xj⟩anc , (F8)

where we have swapped the ordering of the registers. We have thus prepared |ζ⟩ on register m entangled with some
junk on register anc, which is sufficient for our LCU-based block-encoding of V [67].

Appendix G: Ancilla costs for time evolution

Here, we determine the number of ancilla qubits required to prepare the state

p̃repH |0⟩ = |+⟩b ⊗ |L̃m⟩c ⊗ |Lw⟩d ⊗ |Lr,s⟩e,f |L̃ν⟩g,h ⊗ |L̃ζζ⟩k,ℓ,m . (G1)

The numbers of ancilla qubits used to prepare and represent the component states in p̃repH |0⟩ are

1. Canc(|L̃θ⟩a) = 1 (ignoring the nθ ancillas for the rotation synthesis, which we include in Eq. (G2)),

2. Canc(|+⟩b) = 1,

3. Canc(|L̃m⟩c) = 4nη + 3µT + 1,

4. Canc(|Lw⟩d) = 4 + 2, including the ancillas of the inequality test,

5. Canc(|Lr,s⟩e,f ) = 2np,

6. Canc(|L̃ν⟩g,h) = 3n2p + 10np + 5nM + 4nMnp + 10,

7. Canc(|L̃ζζ⟩k,ℓ,m) = 6 ⌈log (2ηe)⌉+ 3nη + 4.

We also need to provide a phase-gradient state that is catalytically used to synthesize the single-qubit rotation
Rz(θ̃) that prepares the weighting state |L̃θ⟩a as well as the d̃+1 single-qubit QSP rotations R(ϕi, γi). The number
of ancilla qubits needed for storing this phase-gradient state is therefore

ngrad = max {⌈log (λH/ϵθ)⌉ , ⌈log (1/ϵrot)⌉} . (G2)

1. Costing R(W)
0

To give the cost of R(W)
0 in Eq. (352), we need to account for the size of the register that this reflection acts on.

Since R(W)
0 acts on the output of p̃rep

†
H , we only need to consider the qubits used within the routine p̃repH that
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are not erased via measurement-based uncomputation. The number out(prep†
H) of output qubits then determines

both the Toffoli and ancilla costs of R(W)
0 . We assume the reuse of ancillas from UH (see Eq. (339)) to perform

R(W)
0 because it is performed after p̃rep

†
H .

Hence, the registers that we need to anti-control on to implement R(W)
0 are

1. register a of size 1,

2. register b of size 1,

3. register c of size nη and 1 uniform-state-preparation rotation qubit,

4. register w of size 2 and 1 ancilla being rotated in its preparation,

5. registers r and s of combined size 2np and 1 catalytically used ancilla qubit for the controlled Hadamard gates,

6. some registers from the momentum state, totaling 4np + nM + 3 qubits,

7. the two uniform-state-preparation registers on the ancillas which are each of size ⌈log (2ηe)⌉, along with 1
rotation qubits for each.

Thus, the total number of ancillas that are output by prep†
H and that R(W)

0 is anti-controlled on is

out(prep†
H) = nη + 6np + nM + 2 ⌈log (2ηe)⌉+ 11. (G3)

We implement R(W)
0 via a multi-controlled-Z gate that is uncomputed via measurement-based uncomputation.

Therefore, the ancilla and Toffoli costs are

Canc

(
ctrl-R(W)

0

)
= out(prep†

H)− 2 (G4)

CToff

(
ctrl-R(W)

0

)
= out(prep†

H)− 1. (G5)

Appendix H: Selection between T and V

Our implementation of selH is an adaptation of the the approach in [17]. In Section VH, we stated that
the choice of whether to apply selT or selV is conditioned on the value of qubits flagging success or failure of
the state-preparation routines |L̃ν⟩ = p̃repν |0⟩ and |L̃ζζ⟩ = p̃repζ |0⟩ that comprise p̃repV . We may write the
probabilistic preparation of the momentum state as

p̃repν |0⟩g |0⟩h =
√
pν |0⟩g ⊗ prepν |0⟩h +

√
1− pν |1⟩g ⊗ prep⊥

ν |0⟩h , (H1)

where success is indicated by the flag qubit g being in the state |0⟩g. Similarly, for the charge state,

p̃repζ |0⟩k |0⟩ℓ,m =
√
pζ |0⟩k ⊗ prepζ |0⟩ℓ,m +

√
1− pζ |1⟩k ⊗ prep⊥

ζ |0⟩ℓ,m , (H2)

where success is indicated by the flag qubit k being in the state |0⟩k. Together with the state |Lθ⟩ = Rz(θ) |+⟩a on
register a, the flag registers g and k are used to control whether we apply selT or selV . Our implementation of
selH is then of the form

selH =
∑

xa,xg,xk∈{0,1}
|xa, xg, xk⟩ ⟨xa, xg, xk|a,g,k ⊗ sel(xa,xg,xk), (H3)

where sel(xa,xg,xk) ∈ {selT , selV , I}.
We can follow the two possible strategies identified in [17]—called the or and and strategies—for assigning each

sel(xa,xg,xk) to an element of {selT , selV , I}. We show below that our approach always succeeds provided we use
the OR strategy when λT

λT+λV
≥ 1− pνpζ and the AND strategy otherwise.

We recall from Eq. (247) that the unitary block-encoding of H with LCU norm λH is defined using

H/λH = ⟨0|prep†
HselHprepH |0⟩ , (H4)

but that, in practice, it is implemented using the approximate preparation routine

p̃repH = Rz(θ̃)a ⊗ p̃repT ⊗ p̃repV . (H5)
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Using an ansatz for selH that only selects selT for register a in state |0⟩a,

selH = |0⟩ ⟨0| ⊗ selT ⊗ I + |1⟩ ⟨1| ⊗ I ⊗ selV , (H6)

and performing the block-encoding, leads to a weighted sum of T and V block-encodings,

⟨0| p̃rep
†
HselH p̃repH |0⟩ = w(T ) ⟨0| p̃rep

†
T selT p̃repT |0⟩+ w(V ) ⟨0| p̃rep

†
V selV p̃repV |0⟩ (H7)

= w(T )
T

λT
+ w(V )

V

λV
. (H8)

The weights w(T ) and w(V ) depend on the precise form of selH , i.e., on the choices of sel(xa,xg,xk).
We can infer the weights for any set of choices by writing out the states of the flag registers. After suppressing all

registers apart from the flags, the possible states are(
cos θ |0⟩a + sin θ |1⟩a

)
⊗
(√
pν |0⟩g +

√
1− pν |1⟩g

)
⊗
(√
pζ |0⟩k +

√
1− pζ |1⟩k

)
. (H9)

We then write w(T ) and w(V ) as products of the squares of these coefficients, depending on the flag values.
Specifically, we assign weights w (|xa⟩) , w (|xg⟩) , w (|xk⟩) to values of the flag registers such that

w(|0⟩a) = cos2 θ w(|1⟩a) = sin2 θ (H10)
w(|0⟩g) = pν w(|1⟩g) = (1− pν) (H11)

w(|0⟩k) = pζ w(|1⟩k) = (1− pζ). (H12)

Moreover, we define the sets

ST =
{
|xa⟩ |xg⟩ |xk⟩ | sel(xa,xg,xk) = selT

}
(H13)

SV =
{
|xa⟩ |xg⟩ |xk⟩ | sel(xa,xg,xk) = selV

}
(H14)

SI =
{
|xa⟩ |xg⟩ |xk⟩ | sel(xa,xg,xk) = I

}
, (H15)

which denote the collections of flag values for which selT , selV , or the identity are applied. For each element, we
define the weight

w (|xa⟩ |xg⟩ |xk⟩) = w (|xa⟩)w (|xg⟩)w (|xk⟩) . (H16)

We can then write

w(T ) =
∑

|xa⟩|xg⟩|xk⟩∈ST

w (|xa⟩)w (|xg⟩)w (|xk⟩) (H17)

w(V ) =
∑

|xa⟩|xg⟩|xk⟩∈SV

w (|xa⟩)w (|xg⟩)w (|xk⟩) . (H18)

Using Eqs. (H17) and (H18), we determine w(T ) and w(V ) for different implementations of selH . One condition
that must always be met is that selV is applied only if both the momentum state and the charge state were
prepared successfully, i.e., when |xg⟩ = |0⟩g and |xk⟩ = |0⟩k.

1. or strategy

We now determine the weights w(T )or and w(V )or for the implementation of selH in the or case.
We apply selV for the set of flag values

Sor
V = {|1⟩a |0⟩g |0⟩k}, (H19)

which, in the implementation of selH , corresponds to including a term

|1⟩ ⟨1|a ⊗ |0⟩ ⟨0|g ⊗ |0⟩ ⟨0|k ⊗ selV . (H20)

The corresponding weight is

w(V )or = pνpζ sin
2 θ. (H21)
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We apply selT for the complementary set of flag values

Sor
T = {|0⟩a |xg⟩g |xk⟩k , |1⟩a |1⟩g |xk⟩k , |1⟩a |0⟩g |1⟩k}, (H22)

where xg, xk ∈ {0, 1}. This corresponds to including the terms

(|0⟩ ⟨0|a ⊗ Ig ⊗ Ik + |1⟩ ⟨1|a ⊗ |1⟩ ⟨1|g ⊗ Ik + |1⟩ ⟨1|a ⊗ |0⟩ ⟨0|g ⊗ |1⟩ ⟨1|k)⊗ selT . (H23)

The corresponding weight is

w(T )or = cos2 θ + ((1− pν) + pν(1− pζ)) sin2 θ (H24)

= 1− pνpζ sin2 θ, (H25)

satisfying w(T )or + w(V )or = 1.
To ensure a correct block-encoding, it is necessary that

w(T )or =
λT

λT + λV
(H26)

1− pνpζ sin2(θ) =
λT

λT + λV
. (H27)

A solution for θ then exists in the or case whenever

1− pνpζ ≤
λT

λT + λV
. (H28)

For future reference, we note that, in the or case, pνpζ ≥ 1− λT

λT+λV
= λV

λT+λV
and therefore

λor
H = λT + λV ≥

λV
pνpζ

. (H29)

2. and strategy

We determine w(T )and and w(V )and analogously.
We apply selT for the set of flag values

Sand
T = {(|0⟩a |1⟩g |xk⟩k), (|0⟩a |0⟩g |1⟩k)}, (H30)

where xk ∈ {0, 1}, which corresponds to the terms

(|0⟩ ⟨0|a ⊗ |1⟩ ⟨1|g ⊗ Ik + |0⟩ ⟨0|a ⊗ |0⟩ ⟨0|g ⊗ |1⟩ ⟨1|k)⊗ selT (H31)

and giving

w(T )and = ((1− pν) + pν (1− pζ)) cos2 θ (H32)

= (1− pνpζ) cos2 θ. (H33)

We apply selV for the set of flag values

Sand
V = {(|xa⟩a |0⟩g |0⟩k)}, (H34)

where xa ∈ {0, 1}, corresponding to

Ia ⊗ |0⟩ ⟨0|g ⊗ |0⟩ ⟨0|k ⊗ selV (H35)

and

w(V ) = pνpζ . (H36)

For the remaining flag values, we apply the identity. Those are

Sand
I = {|1⟩a |1⟩g |xk⟩k , |1⟩a |0⟩g |1⟩k}, (H37)
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where xk ∈ {0, 1},meaning that, for the and case, selH will include terms

(|1⟩ ⟨1|a ⊗ |1⟩ ⟨1|g ⊗ Ik + |1⟩ ⟨1|a ⊗ |0⟩ ⟨0|g ⊗ |1⟩ ⟨1|k)⊗ I. (H38)

The additional weight is

w(I)and = (1− pνpζ) sin2 θ, (H39)

which obeys w(T )and + w(V )and + w(I)and = 1.
These three terms in the implementation of selH now cause the block-encoding of H to be of the form

w(T )and
T

λT
+ w(V )and

V

λV
+ w(I)andI. (H40)

Nevertheless, it is still necessary that the relative weights obey

w(T )and

w(T )and + w(V )and
=

λT
λT + λV

(H41)

(1− pνpζ) cos2 θ
cos2 θ + pνpζ sin

2 θ
=

λT
λT + λV

. (H42)

Because the left-hand side is at most 1− pνpζ , it follows that, in the and case, there exists a solution for θ if

1− pνpζ ≥
λT

λT + λV
, (H43)

which is the reverse situation to the or case, where 1− pνpζ ≤ λT

λT+λV
.

To determine λand
H , we use the constraint

λV
λand
H

=
w(V )and

w(T )and + w(V )and + w(I)and
= pνpζ . (H44)

Therefore,

λand
H =

λV
pνpζ

. (H45)

Because 1− pνpζ ≤ λT

λT+λV
, it follows from 1− λT

λT+λV
= λV

λT+λV
that

λand
H ≥ λT + λV . (H46)

3. Combined results

Overall, a valid solution for θ always exists, either by using the or strategy when 1− pνpζ ≤ λT

λT+λV
or the and

strategy otherwise.
We also provide an expression for λH that encompasses both and and or cases. From Eqs. (H29), (H45) and (H46)

and from accounting for the failure probability of uniform state preparations in p̃repH , it follows that

λ̃H =
1

Peq
max

{
λT + λV ,

λV
pνpζ

}
, (H47)

where Peq is the probability of all uniform state preparations in p̃repH succeeding. These uniform state preparations
occur as subroutines in the preparations of |Lw⟩ , |Lm⟩, and |Lζζ⟩ respectively. Therefore,

Peq = Ps(3, 8)Ps(η, br)Ps(η, br)
2, (H48)

where Ps(n, br) is the success probability of preparing a uniform superposition over n basis states using rotations
with br-bit precision. This probability is [17]

Ps(n, br) = x
((
1 + (2− 4x) sin2 θ(n, br)

)2
+ sin2(2θ(n, br))

)
(H49)

θ(n, br) = y−1 round
(
y arcsin

(
(4x)−1/2

))
, (H50)

where x = n 2−⌈logn⌉ and y = 2br/2π.
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Appendix I: Error bounds on time evolution

We bound the error on time evolution in four steps. In Lemma 6, we first give a bound on the full time evolution
error ϵprop in terms of ϵQSP and ϵH . Then, to bound the block-encoding error ϵH , we bound the block-encoding
errors ϵT and ϵV in Lemmas 7 and 8, respectively. We conclude with a bound on ϵH in Proposition 1.

1. Total error

Lemma 6. Let fd̃ be the degree-d̃ truncation of the Jacobi-Anger expansion [108], such that
∥∥e−iH̃t −

(⟨+|anc ⊗ I) fd̃(W̃) (|+⟩anc ⊗ I)
∥∥
∞ ≤ ϵd̃, where W̃ = e−i arccos(H̃/λ̃H) (see Eqs. (343) and (352) for definitions).

Further, let f̃d̃ be an approximation to fd̃ implemented via QSP with rotation angles computed up to error ϵϕ and ϵγ
and rotations synthesized up to error ϵrot. Then, for Ũprop = (⟨+|anc ⊗ I) f̃d̃(W̃) (|+⟩anc ⊗ I),∥∥e−iHt − Ũprop

∥∥
∞ ≤ ϵprop = t∥H − H̃∥∞ + ϵd̃ + (d̃+ 1) (ϵϕ + ϵγ + ϵrot) . (I1)

Proof. In this proof, we abuse notation to write f̃d̃(W̃) in place of (⟨+|anc ⊗ I) f̃d̃(W̃) (|+⟩anc ⊗ I) and likewise for
fd̃. We then upper bound the error on

∥∥e−iHt − f̃d̃(W̃)
∥∥
∞ in three steps via the triangle inequality,∥∥e−iHt − f̃d̃(W̃)

∥∥
∞ ≤

∥∥e−iHt − e−iH̃t
∥∥
∞ +

∥∥e−iH̃t − fd̃(W̃)
∥∥
∞ +

∥∥fd̃(W̃)− f̃d̃(W̃)
∥∥
∞ (I2)

≤ t∥H − H̃∥∞ + ϵd̃ + d̃(ϵϕ + ϵγ + ϵrot) (I3)
= tϵH + ϵQSP, (I4)

where we have used the definitions in Eqs. (343) and (366).

2. Block-encoding error: Kinetic energy

Here, we prove a bound on the error ∥T − T̃∥∞ ≤ ϵT for T̃ = λT ⟨0| p̃rep
†
T selT p̃repT |0⟩.

Lemma 7. Let µT denote the number of bits used to approximate the coefficients of |Lm⟩. Then, the unitary
p̃rep

†
T selT p̃repT is a (λT , qT , ϵT )-block-encoding of T , with

∥∥T − λT ⟨0qT | p̃rep
†
T selT p̃repT |0qT ⟩

∥∥
∞ ≤ ϵT =

λT
2µT

, (I5)

where qT = nη + 2np + 5 and λT = 6π2

Ω2/3 (2
np−1 − 1)2

∑η
j=1m

−1
j .

Proof. Equation (231) gives the LCU decomposition of the kinetic term as

T =
∑
ℓT

αℓTHℓT =

η∑
j=1

∑
w∈{x,y,z}

np−2∑
r,s=0

∑
b∈{0,1}

π22r+s

mjΩ2/3
HℓT , (I6)

where αℓT = π22r+s/mjΩ
2/3 and where HℓT =

∑
p∈G(−1)b·(pw,r·pw,s⊕1) |p⟩ ⟨p|j is unitary. We let

T̃ =

η∑
j=1

∑
w∈{x,y,z}

np−2∑
r,s=0

∑
b∈{0,1}

π22r+s

Ω2/3m̃j
HℓT . (I7)

Then,

∥T − T̃∥∞ =

∥∥∥∥∑
ℓT

αℓTHℓT −
∑
ℓT

α̃ℓTHℓT

∥∥∥∥
∞

(I8)

≤
∣∣∣∣∑

ℓT

(αℓ − α̃ℓ)

∣∣∣∣ (I9)

≤ 6π2 (2
np−1 − 1)

Ω2/3

∣∣∣∣∣
η∑

j=1

(
1

mj
− 1

m̃j

) ∣∣∣∣∣ (I10)
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≤ 6π2 (2
np−1 − 1)

Ω2/3
ηmax

j

∣∣∣∣ 1

mj
− 1

m̃j

∣∣∣∣ (I11)

≤ 6π2 (2
np−1 − 1)

Ω2/3
2−µT

η∑
j=1

1

mj
(I12)

=
λT
2µT

, (I13)

where in the first step we are summing over the indices shown in Eq. (I6) and where the penultimate step follows
from the coherent-alias-sampling protocol preparing the mass state |Lmass⟩, which guarantees that [67]

max
j

∣∣∣∣ 1

mj
− 1

m̃j

∣∣∣∣ ≤ 2−µT

η

η∑
j=1

1

mj
. (I14)

The number of ancillas qT that are not reset to zero in p̃rep
†
T selT p̃repT can be obtained from Appendix G 1 as

qT = nη + 2np + 5.

3. Block-encoding error: Potential energy

Here, we prove a bound on the error ∥V − Ṽ ∥∞ ≤ ϵV for Ṽ = λV ⟨0| p̃rep
†
V selV p̃repV |0⟩.

Lemma 8. Let nM be the number of bits used to approximate the coefficients of the momentum state |Lν⟩ and let
rν = 4

λν
(7× 2np+1 − 9np − 11− 3× 2−np), where λν =

∑
ν∈G0

∥ν∥−2
2 . Then, the unitary p̃rep

†
V selV p̃repV is a

(λV , qV , ϵV )-block-encoding of V , with∥∥V − λV ⟨0qV | p̃rep
†
V selV p̃repV |0qV ⟩

∥∥
∞ ≤ ϵV = λV

rν
2nM

, (I15)

where qV = 4np + 2 ⌈log (2ηe)⌉+ nM + 5 and λV = λν(2πΩ
1/3)−1

∑η
i ̸=j=1 |ζi||ζj |.

Proof. Equation (232) gives the LCU decomposition of the potential term as

V =
∑
ℓV

αℓV HℓV =
∑
ν∈G0

η∑
i ̸=j=1

∑
b∈{0,1}

|ζi||ζj |
2πΩ1/3 ∥ν∥22

H(b,i,j,ν), (I16)

where αℓV = |ζi||ζj |/2πΩ1/3 ∥ν∥22 and HℓV =
∑

p,q∈G (−1)f(p,q,ν,i,j) |p+ ν⟩ ⟨p|i |q− ν⟩ ⟨q|j are unitary. We let

Ṽ =
∑
ℓV

αℓV HℓV =
∑
ν∈G0

η∑
i ̸=j=1

∑
b∈{0,1}

π|ζi||ζj |
2πΩ1/3 ∥ν̃∥22

H(b,i,j,ν) (I17)

Then,

∥V − Ṽ ∥∞ ≤
∑η

i̸=j=1 |ζi||ζj |
2πΩ1/3

∑
ν∈G0

∣∣∣∣∣ 1

∥ν∥22
− 1

∥ν̃∥22

∣∣∣∣∣ (I18)

≤
∑η

i̸=j=1 |ζi||ζj |
2πΩ1/3

np+1∑
r=2

∑
ν∈Bµ

∣∣∣∣∣ 1

∥ν∥22
− 1

∥ν̃∥22

∣∣∣∣∣ (I19)

≤
∑η

i̸=j=1 |ζi||ζj |
2πΩ1/3

4

2nM

(
7× 2np+1 − 9np − 11− 3× 2−np

)
(I20)

= λV
rν
2nM

, (I21)

where in the penultimate line we used Eq. (113) in [17], and in the last line we used the definitions of rν and λV .
The number of ancillas qV that are not reset to zero in p̃rep

†
V selV p̃repV can be obtained from Appendix G 1 as

qV = 4np + 2 ⌈log (2ηe)⌉+ nM + 5.
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Lemma 9. rν =
4

λν
(7× 2np+1 − 9np − 11− 3× 2−np) ≤ 12.

Proof. Let Bµ = {ν ∈ G0 | (∥ν∥∞ < 2µ−1) ∧ (
∨

w∈{x,y,z}(|νw| ≥ 2µ−2))}. Then, we have

λν =
∑
ν∈G0

1

∥ν∥22
=

np+1∑
µ=2

∑
ν∈Bµ

1

|νx|2 + |νy|2 + |νz|2
. (I22)

Since for any ν ∈ Bµ it holds that |νx|, |νy|, |νz| ≤ 2µ−1, it follows that

λν ≥
np+1∑
µ=2

∑
ν∈Bµ

1

3 · 22µ−2
=

4

3

np+1∑
µ=2

∑
ν∈Bµ

1

22µ
(I23)

=
4

3

np+1∑
µ=2

(
(2µ − 1)3 − (2µ−1 − 1)3

) 1

22µ
(I24)

=
1

3

(
7× 2np+1 − 9np − 11− 3× 2−np

)
, (I25)

from which our bound follows.

4. Error bound on full block-encoding

We now prove a bound on the error ∥H − H̃∥∞ ≤ ϵH for H̃ = λ̃H ⟨0| p̃rep
†
HselH p̃repH |0⟩.

Proposition 1. The unitary p̃rep
†
HselH p̃repH is a (λ̃H , qH , ϵH)-block encoding of H with∥∥H − λ̃H ⟨0qH | p̃rep

†
HselH p̃repH |0qH ⟩

∥∥
∞ ≤ ϵH = ϵT + ϵV + 2λ̃H∆θ, (I26)

where qH = nη + 6np + nM + 2 ⌈log (2ηe)⌉+ 11 and ∆θ = |θ − θ̃|, as defined in Eq. (348).

Proof. We note that

p̃rep
†
HselH p̃repH = w̃(T ) ⟨0| p̃rep

†
T selT p̃repT |0⟩+ w̃(V ) ⟨0| p̃rep

†
V selV p̃repV |0⟩ , (I27)

and therefore

H̃ = λ̃H ⟨0| p̃rep
†
HselH p̃repH |0⟩ (I28)

= λ̃H

(
w̃(T ) ⟨0| p̃rep

†
T selT p̃repT |0⟩+ w̃(V ) ⟨0| p̃rep

†
V selV p̃repV |0⟩

)
. (I29)

We thus obtain by the triangle inequality

∥H − H̃∥∞ =
∥∥(T + V )− λ̃H

(
w̃(T ) ⟨0| p̃rep

†
T selT p̃repT |0⟩+ w̃(V ) ⟨0| p̃rep

†
V selV p̃repV |0⟩

)∥∥
∞ (I30)

≤
∥∥T − λ̃Hw̃(T ) ⟨0| p̃rep

†
T selT p̃repT |0⟩

∥∥
∞ +

∥∥V − λ̃Hw̃(V ) ⟨0| p̃rep
†
V selV p̃repV |0⟩

∥∥
∞. (I31)

From Appendix D in [17], it follows that the first term in Eq. (I31) is bounded by ϵT + λ̃H∆θ and the second term
is bounded by ϵV + λ̃H∆θ. Therefore, our bound on ϵH in Eq. (I26) directly follows.

The number of ancillas that are not reset to zero in p̃rep
†
HselH p̃repH is equal to out(prep†

H) in Appendix G 1,
qH = nη + 6np + nM + 2 ⌈log (2ηe)⌉+ 11.

Appendix J: Block-encoding of yield observables

Here, we describe the quantum arithmetic circuit that constructs the (1, 1, 0)-block-encoding

UΠS
=
∑
R

|R⟩ ⟨R|data ⊗X
I(R,S)⊕1
flag , (J1)
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of the yield observable ΠS = (⟨0| ⊗ I)UΠS
(|0⟩ ⊗ I). Throughout this section, we refer to this circuit as the indicator

circuit. We decompose the indicator circuit as

UΠS
= U†

bondUflagUbond(tc2sm†
np
)⊗3nnuc , (J2)

where tc2sm converts the np-bit strings in the nuclear data registers from signed magnitude to two’s complement
to allow for the application of arithmetic circuits. Ubond then computes whether the Bj inter-nuclear distances
involving nnuc nuclei that define the reaction channel S satisfy the conditions for the channel and stores the results
in Bj qubits. If they do, controlled on these Bj qubits, Uflag flips the flag qubit from |1⟩ to |0⟩. In particular,

Uflag = Had⊗Bj (ctrl-Xflag)Had⊗Bj , (J3)

Ubond =
∏

k≤Bj

Uj,k, (J4)

Uj,k = comp|2np
(bj,k) SoS

αj,kβj,k
np

subαj,kβj,k
np , (J5)

where subαj,kβj,k
np performs the subtractions Rαj,k,w −Rβj,k,w for all three position-vector components. SoSαj,kβj,k

np

then sums the squares
∑

w(Rαj,k,w−Rβj,k,w)
2 of the np-bit differences using Lemma 8 in [17]. Finally, comp|2np

(bj,k)
denotes a comparison test that does not uncompute ancillas at the end. Specifically, comp|2np

(bj,k) takes the
2np-bit output of SoS and stores the outcome of the comparison

∑
w(Rαj,k,w −Rβj,k,w)

2 ≥ b2j,k in an ancilla.

The costs for the indicator circuit checking Bj inter-nuclear distances involving nnuc nuclei are then

Canc(UΠS
) = max{Canc((tc2sm†

np
)⊗3nnuc), Canc(Ubond), Canc(Uflag), Canc(U

†
bond)} (J6)

CToff(UΠS
) = 3nnucCToff(tc2sm†

np
) + CToff(Ubond) + CToff(Uflag) + CToff(U

†
bond), (J7)

where

Canc(tc2sm†
np
) = np − 2 CToff(tc2sm†

np
) = (np − 2) (J8)

Canc(Uflag) = Bj − 2 CToff(Uflag) = Bj − 1 (J9)
Canc(Ubond) = BjCanc(Uj,k) CToff(Ubond) = BjCToff(Uj,k). (J10)

We can break these costs down further as

Canc(Uj,k) = max{Canc(comp|2np
(bj,k)), Canc(SoS

αj,kβj,k
np

), Canc(subαj,kβj,k
np )} (J11)

CToff(Uj,k) = CToff(comp|2np
(bj,k)) + CToff(SoS

αj,kβj,k
np

) + CToff(subαj,kβj,k
np ), (J12)

Assuming that the 3 subtractions are carried out in parallel, the costs are

Canc(subαj,kβj,k
np )) = 3np CToff(subαj,kβj,k

np ) = 3(np − 1) (J13)

Canc(SoS
αj,kβj,k
np

) = 3n2p − np − 1 CToff(SoS
αj,kβj,k
np

) = 3n2p − np − 1 (J14)

Canc(comp|2np
(bj,k)) = 2np CToff(comp|2np

(bj,k)) = 2np − 2. (J15)

We uncompute the carry bits in the inequality test, (comp|2np
(bj,k))

†, at no further Toffoli cost using measurements
and phase-fixups. Therefore, CToff(comp|2np(bj,k)

†) = 0 and

CToff(U
†
bond) = BjCToff(U

†
j,k) (J16)

CToff(U
†
j,k) = CToff(addαj,kβj,k

np ) + CToff

(
(SoSαj,kβj,k

np
)†
)
, (J17)

where addαj,kβj,k
np uncomputes subαj,kβj,k

np , with

CToff(addαj,kβj,k
np ) = 3(np − 1) (J18)

CToff

(
(SoSαj,kβj,k

np
)†
)
= 3n2p − np − 1. (J19)

Overall, the costs of UΠS
are

Canc(UΠS
) = 1 +BjCanc(Uj,k) (J20)

CToff(UΠS
) = 3Bj(2n

2
p + 2np − 3) + 3nnuc(np − 2)− 1. (J21)
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Appendix K: Bound on observable-estimation error

We bound the error ϵ on the estimate ⟨̃Õ⟩ of the observable expectation value ⟨Ψ(t)|O |Ψ(t)⟩ in two steps. In
Lemma 10, we account for the errors in the state preparation and the block-encoding of the observable. Then, in
Lemma 11, we account for the finite precision of phase estimation. Combining the two in Corollary 1, we obtain the
desired bound on the error in the estimate of ⟨Ψ(t)|O |Ψ(t)⟩.

Lemma 10. Let Õ = λO(⟨0k| ⊗ I)ŨO(|0k⟩ ⊗ I) such that ∥O − Õ∥∞ ≤ ϵO and let ∥|Ψ⟩ − |Ψ̃⟩∥2 ≤ ϵΨ. Then,∣∣ ⟨Ψ|O |Ψ⟩ − ⟨Ψ̃| Õ |Ψ̃⟩ ∣∣ ≤ 2λOϵΨ + ϵO. (K1)

Proof. The proof follows via the triangle inequality. We note that∣∣ ⟨Ψ|O |Ψ⟩ − ⟨Ψ̃|O |Ψ̃⟩ ∣∣ ≤ ∥O∥∞ ∥∥ |Ψ⟩ ⟨Ψ| − |Ψ̃⟩ ⟨Ψ̃|∥∥1 ≤ λO2ϵΨ, (K2)

which follows from elementary properties of the trace and Hölder’s inequality. Furthermore,∣∣ ⟨Ψ̃|O |Ψ̃⟩ − ⟨Ψ̃| Õ |Ψ̃⟩ ∣∣ ≤ ∥O − Õ∥∞ ≤ ϵO, (K3)

which follows from the Cauchy-Schwarz inequality. Combining Eqs. (K2) and (K3) then gives Eq. (K1).

Lemma 11. Let θest be an estimate of the phase θ̃ = arccos(⟨Ψ̃| Õ |Ψ̃⟩/λO) obtained via QPE such that |θest − θ̃| ≤
ϵQAE/λO. Then the estimate ⟨̃Õ⟩ of ⟨Ψ̃| Õ |Ψ̃⟩ obeys∣∣∣⟨̃Õ⟩ − ⟨Ψ̃| Õ |Ψ̃⟩ ∣∣∣ ≤ ϵQAE. (K4)

Proof. We note that ∣∣∣⟨̃Õ⟩ − ⟨Ψ̃| Õ |Ψ̃⟩ ∣∣∣ = ∣∣λO cos θest − λO cos θ̃
∣∣. (K5)

Since |cosx− cos y| ≤ |x− y| and since |θest − θ̃| ≤ ϵQAE/λO, Eq. (K4) follows.

Corollary 1. Let |Ψ̃(t)⟩ = ŨBŨpropŨinit |0⟩ and let ϵΨ = ϵinit + ϵprop + ϵB. Then for any observable O with a
(λO, k, ϵO)-block-encoding,∣∣∣⟨̃Õ⟩ − ⟨Ψ(t)|O |Ψ(t)⟩

∣∣∣ ≤ 2λO(ϵinit + ϵprop + ϵB) + ϵO + ϵQAE. (K6)

Proof. This follows from Lemmas 10 and 11 by the triangle inequality and setting |Ψ⟩ = |Ψ(t)⟩.
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